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Abstract—In this paper we design practical interleavers for codes. Further, since repeat-accumulate codes are decoded
regular, systematic repeat-accumulate (RA) codes. The new as LDPC codes, the interleaver must be designed to control
interleavers, which we call L-type and modified L-type inter- the properties of the resulting Tanner graph, and so even

leavers, are deterministic, described by a single parameteand .
straightforward to implement. Despite their simple descrption, general turbo interleavers such as the row-column (or hlock

the new interleavers are shown to perform equally as well asyr inte_rlea_ver perform poorly as RA interleavers. MO"GOV_@T: a
better than, traditional interleavers over a wide range of ode arbitrarily chosen interleaver is not even guaranteed teelid

lengths and rates. for an RA code, since a Tanner graph with repeated edges will
result if the repeated bits at the output of the repetitiodeco
are too close at the output of the interleaver.

. INTRODUCTION The ai ¢ thi < 1o des . d effect
. . . The aim of this paper is to design simple and effective
Repeat-accumulate (RA) .codes,“ 'erdL.Jce,,d in [1], are A code interleavers by considering the resulting LDPC code
multaneously a class of simple “turbo-like” codes and

! : . ructure. Section Il details our proposed interleavehg, t
class of Iov_v—densny parity-check (LDPC) c_oq_es. Th's. du Ierformance of the new interleavers is compared with some
representation of RA codes allows the flexibility of using

: . raditional interleavers in Section Ill and we conclude in
turbo code representation for the encoding and an LDPC cqgi

representation for the decoding, thereby gaining the bisne |8Ct'0n V.
of both schemes.

When viewed as a serially concatenated turbo code, the two Il. RA INTERLEAVERS
constituent codes of an RA code are a r?teepetition code

and a ratet ——~ convolutional code, called an accumulator Designing a ¢, a)-regular RA code requires that we design

1+D I =
with an interleaver between them. In some cases, a Combinaer},mterleaverﬂ (71,2, .., ], SUch that
which performs modul@- addition on sets of. bits, can be m €{1,2,...,n}, m #m; Vi#j, andn = Kgq.

added between the interleaver and the accumulator. For fixeﬁd . th ifies that thé; h fHh
¢ anda we call the RA code(q, a)-regular. The input to the | N€¢-th entry,;, specifies that thei/a]-th row of I has a

repetition code is thei-bit message and the output of the®"® in the[m/q]-th column, whergz] denotes the smallest

accumulator is thell = K ¢/a-bit parity string. We consider 'Nteger greater than or equal 1o

systematic codes, so that the length= K + M codeword

contains the message and parity bits as contiguous SLQ[Etl’irA
When viewed as an LDPC code, the accumulator and

interleaver determine the structure of the parity-checkrina ~ Since H is binary, repeated entries i are not permitted,

H = [Hy, H,). Here H, is an M x K, column weightq, Which is equivalent to requiring that

row weighta, matrix specified by the interleaver, aidd, is _ _ C s s

an M x Jg\]I dual diagonal matrix representing the accumulator Ims/al # [ms/al v i 7 jsuch that [i/a] =[j/a]. (1)

(see e.g. [2]). LDPC codes with a dual diagonal submatrix in Since we are decoding the code using sum-product decoding

H, as in [2], [3], can be interpreted as RA codes. rather than by turbo decoding, the performance of the code
RA codes are decoded by sum-product decoding on tisedetermined by the properties of the Tanner graph, as for

code’s Tanner graph in exactly the same way as for LDP&h LDPC code. In particular, the decoder performance is

codes (see e.g. [4] for a description of sum-product degdinimproved if short cycles in the code’s Tanner graph are

As with LDPC codes, convergence to a valid codeword &voided. A cycle of length, called an-cycle, is a path through

easily detected and so it is possible to both halt decodiicg orthe Tanner graph that includésedges and closes back on

a valid codeword has been found, and to distinguish betweieself. The girth of the graph is the length of its shortestley

detected and undetected errors. and is a minimum oft. For an RA code we define two classes
While the RA interleaver can be chosen randomly, araf 4-cycles. Atype-1 4-cyclés said to occur if a column ifif;

indeed for long codes this produces very good performancentains two consecutive ones (with the second pair of ones

results, random interleavers present significant chalertg comprising the 4-cycle occurring ifs). A type-2 4-cycldas

implementation. Traditional turbo interleavers which &avformed if two columns off; contain two entries in common.

been designed for other constituent codes do not work wellTo avoid type-14-cycles requires that

with the repetition and accumulator component codes in RA o ) ]
[mi/q] # [mj/q] V i+ jsuchthat [i/a] = [j/a] £1,
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Desired RA interleaver properties



Cycles cannot be formed solely within the columng®f and
so type-1 and type-2-cycles cover all possiblé-cycles in an . N
RA code. ... .11 . . 11
Type-14-cycles can be avoided by using a popular turbg | - - - - - . 1 1 . . 1 1.
. . 5 P S S
interleaver called anS-type interleaver [5]. In anS-type R T
interleaver no two entries dfl within S of each other have P
a value withinS of each other. Pseudo-randomly constructed e T .
S-type interleavers are calleS-random interleavers. While
type-1 4-cycles can be avoided by specifying that >
max(q — 1,2a — 1), this can be a more stringent requireme
than what is actually required to avoid typetiycles. More

importantly though, arf-type interleaver only acts within the of K rows of H, corresponding tdl;.

S adjacent entries of the interleaver and so cannot be use{ﬁ}emma LA (3,a)-regular RA code can be constructed

to avoid type-24-cycles which can be formed by interleaver out 4-cycles wheneveri > a” by using an L-type

entries spaced widely apart. interleaver a_nd setting = a. .
Another popular turbo interleaver is the row-column (or,. . Eroof: Firstly we note fchat the rows in each sé;, are
block) interleaver which, unlikeS-random interleavers hasdlsjmr.]t and so ai-cycle will only occur across rows from
. ) . ' two different sets. Thus a type4tcycle can only be formed
a very simply algorithmic implementation. A lengthyow-

. . ) . between the last row of one set and the first row of the next.
column interleaver is achieved by writing the bitshroughn o . . 4 .
) . . ) This will only occur if the last bits of IT;, which correspond
|n.t0 a square matrix row-wise a_nd reading _them .OUt columpd the last row ofR;, have entries in common with the first
:‘I(\;IrS;AHc%véi\gesrir;[Q: iz%ghczgjénglgte:ii\r/ﬁg; pag'g:'ﬁ}?n bits of I1; 1, which will be selected from to form the first row
01 9 o of R;;1. The firsta bits of I1;,; are selected from the first

; ; 5 )
Example 1:The parity-check matrix of a length, rate- La bItS.Of [L;. Sincek > La+a = o’ +a the first La and
1/2, (2,2)-regular RA code with a row-column interleaver isjasm bits O.f IL; do not ove_rlap and thus type<kcycles are
T always avoided. Next, settinf = a ensures that each of the
r.r . e bits in a row inR, are chosen from different rows iR;, and
1 1 1 1 | similarly that each of the bits in a row iRz are chosen from
s e e L different rows inR,. Further, sincek'/L > a the interleaver
r .. . . . . . . 1 1 . . .1 cannotwrap back around th€ bits within a single row inRs.
o, o T 4 | Setting(K/L)/L > ai.e.K > a® ensures that the interleaver
1 . 1 . . . . . . 1 1] cannotwrap back around th€ bits within a single row in

There are four type-2-cycles in H, one of which is shown R, and so type-2 cycles are also ?Vo'ded- u
in bold. Furthermore, the same construction can be used to guarantee

We require for RA codes an interleaver which, like the rowRA co(;j(?s wn?\zuﬁ—cycles.IV\t/e deﬂlne Wp(ta-16—;)%cleasl one
column interleaver, is easy to describe, and thus impleme fmed from two accumulator columns, tgpe-2 6-cycle as

but which avoids4-cycles in the code. The first interleavelgJne |Involvmg ofne acdc?mula;thor colulrnn, and IflTall){ﬁﬂel-S
we propose for RA codes, and call dntype interleaveris -cycleas one formed trom three coiumns SOlely WL .

: . Lemma 2:A (3,a)-regular RA code can be constructed
presented in the following. without 6-cycles wheneveK > 8a® by using anL-type
_ interleaver and setting = 2a.
B. L-type interleavers Proof: Since each set of rowB; are disjoint, a6-cycle
Given K, ¢ and the integer-valued interleaver paramdter must occur across three row sets. Thus a tygeeycle can
the L-type interleaver is defined in (2). The repetition code ar@hly be formed between the 2nd last (or last) rows of one set
interleaver can together be thought of as selecting fron¥theand the first (respectively, second) row of the next. Thid wil
message bitg times. First the' message bits are selected ironly occur if the last2a entries ofIl;, which correspond to
order inII;. Then selecting from the message bitdln, II, the last two rows ofR;, are within the firs2 La entries ofIl;
is produced by skippind. bits ahead after each selection an@vhich will be selected from to form the first two rows Bf ;.
starting again with the first unselected bit each time ufitika Since K > 2La + 2a = 4a® + 2a this cannot occur and type-1
message bits ifl; have been selected. This process is repeatéetycles are always avoided. Next settihg= 2a ensures that
q — 1 times, selecting fromI,_; to form II;. In practice the each of the bits in a row iR, are chosen from rows i,
bitsiK + 1 to (¢ + 1)K of II, which we denote byl,,,, are separated by at least one row, and similarly that each of the
a type of row-column permutation of bifs— 1)K + 1 to ¢ K bits in a row inR3 are chosen from rows iR, separated by at
of I, denoted byl1;, where the bits are written row-wise intoleast one row. Further, sind€/L > 2a the interleaver cannot
a matrix with L columns and read out column wise. Thus therap back around thé& bits within two consecutive rows in
L-type interleaver can be implemented as the concatenatiBs. Setting(K/L)/L > 2a ensures that the interleaver cannot
of ¢ — 1 of these matrix row-write, column-read, operationsvrap back around thé bits within within two consecutive
See Fig. 1. rows in R3 and so type-&-cycles are also avoided. Finally a
Example 2: The parity-check matrix of a lengthé, rate- type-36-cycle must involve one row from each of the three
1/2, (2, 2)-regular RA code with thd-type (L=2) interleaver sets. Given any two overlapping rowsi andR; the column
Im=11,3,5,7,9,11,13,15,2,6,10,14,4, 8,12, 16] is: entries in the row fromR; are consecutive while the column

As well as being simple to describe, a key benefit of the
n[f-type interleaver is that some girth properties for the sode
can be guaranteed. In the following we denoteibythe set



= [H1(1)7 .- 'le(K)L R [HQ*l(l) + (q - 2)7 . '7HQ*1(K) + (q - 2)]7 [HQ(l) + (q - 1)7 . '7HQ(K) + (q - 1)]7 (2)
where

M = [L,14¢,142¢,1+43q,...,14 (K —1)q],
I, = [Hl(l),l'h(l+L),H1(1+2L),...,H1(1+K7L)], [H1(2),H1(2+L),H1(2+2L),...,H1(2+K7L)],
oo (L), T (L + L), Ty (L + 2L), ..., TL(L + K — L)],

Hq = [qul(l)vanl(l+L)7qul(1+2L):~~~7Hq7.1.(.1+K*L)]7 [Hq71(2),ﬂq71(2+L),
M, 1(2+2L),... .1, 124+ K —L)],...,[My_1(L), My 1(L+ L), ;1 (L+2L),... . Ty 1(L+ K — L)].

andIl;(y) is the j-th element offl;
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-
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Fig. 1. Block diagram of the encoding circuit for a combingd= 3 repetition code and modified-type interleaver. Removing the dashed row-column
interleaver blocks gives ah-type interleaver.

entries in the row inR, are spaced. apart. Thus any two The implementation of this second RA interleaver now

column entries from the row iR; and the row inR, are requires(¢—1)L matrix write-read operations instead@f 1.

at most(a — 1) + L(a — 1) = 2a® — a — 1 columns apart. However the modified interleaver is still extremely simpde t

However the column entries in the rows i are at least specify, requiring just three integer-valued parametérsy

L? = 442 columns apart and so we cannot find a rowdp and K. Fig. 1 shows the encoding system for a combined

which overlaps both of the two rows froiR; and R,. Thus repetition code and modifiedl-type interleaver. Decoding is

type-36-cycles are always avoided. m performed on the code Tanner graph and so interleave and
For thea = 1 case we can do even better, and prove thde-interleave operations need not be used at the decoder.

girth > 10 codes are produced fdr = 2 and K odd, K > 7, However, the simple description of the interleaver meanas th

and girth> 12 codes forL = 3and K = 1,2 mod3, K > 21. the Tanner graph may not need to be stored but rather specified

Unfortunately, however, when > 1 the L-type interleaver by the parameter&’, L andq and constructed as needed.

always adds cycles of size To see this consider that the first While this new construction method breaks t&ycles,

row of R, contains ones in columns and L + 1, while a and, as we will see from performance results, works very,well

later row in Ry will contain ones in columng and2 + L. it can add4-cycles in the process. Consequently, we cannot

The columnsl and2 share a row inR;, as do the columns present analogous results to Lemmas 1 and 2 for the modified

L and L + 1. These four rows always make up &rcycle, L-type interleavers. However, this happens so rarely that th

and unfortunately there are magycycles formed similarly. decoding performance of the codes is not appreciably affiect

Thus while theL-type interleaver will produce good codes

for shorter lengths, where a girth of eight is beneficial, it w

not be a good choice for long codes where codes with large lll. DECODING PERFORMANCE

girth can easily be constructed randomly. For longer codes w

propose a modified.-type interleaver in the following which

breaks thes8-cycles.

In this section we consider the decoding performance of
RA codes with the proposed interleavers on the binary-input
additive white Gaussian noise channel when decoded with
B . sum-product decoding.
C. Modified L-type interleavers Figs. 2—4 show the performance of the propogeype and

In this interleavell; is unchanged and; is formed starting modified L-type interleavers over a range of code rates and
with the same process as previously, i.e. the bit§lpf; are lengths compared with the performance of existing pseudo-
written row-wise into a matrix)}/; with L columns and read random and deterministic interleavers. These interleases:
out column-wise. Now, additionally, the bits from each eolu row-column interleavers; randomly constructed interérav
are written row-wise into another matri¥;, and read out subject to (1);5-random interleavers which achieve the largest
column-wise. Thej-th column of M; is written into a matrix possibleS value; w-rotation LDPC codes; and combinatorial
A; havingj columns. LDPC codes. Ther-rotation LDPC codes [3] correspond to
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Fig. 2. The performance of rate-1/4,= 6, a = 2, RA codes of length- Fig. 4. The performance of rate-4/p= 3, a = 12, RA codes of length-195
200 with max. 100 iterations (dotted lines), length-200Ghwinax. 1000 with max. 10 iterations (dotted lines), length-2085 withxm&00 iterations
iterations (solid lines) and length-10,000 with max. 10@fations (dashed (solid lines) and length-10,000 with max. 1,000 iterati¢dashed lines). The
lines). The L-type codes are constructed with = 8 while the modified L-type codes are constructed with= 12 and 19, while the modified-type

L-type interleavers usé& = 3, 20 and 20 respectively. interleavers usd. = 12, 19 and 30 respectively.

0" ] IV. CONCLUSION
o e LR i In this paper we have presented straightforward determinis
w0 E tic construction methods for practical RA interleaverse3é
o ] interleavers are shown to give excellent decoding perfor-
g N mances for RA codes over a wide range of code lengths and
§1uu ! , f rates. The deterministic nature of the interleaver gives im
; ) \ ' ;, ’ proved performance over random interleavers for shortgode
w7 1 . F— e where structure is required to avoid codes with small cycles
il '{‘,“ \\Q & random $ in their Tanner graphs, without hindering their performanc
§ * prdm in very long codes. Thus the new interleavers represent an
107E \: *  modiied L-type i excellent choice over both existing simple interleaversiciv
* n-rotation they outperform, and randomly constructed interleaverighvh
I T T T R T they match in performance, but with the added advantage of
SoreieTeRe e R I € a deterministic description.
Fig. 3. The performance of rate-1/2,= 4, a = 4, RA codes of length-200 REFERENCES
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As expected, the RA codes with row-column interleavers

perform very poorly at all lengths and rates, while the codes

with random andS-random interleavers generally perform

well. Despite their simple description thetype interleavers

perform extremely well for short RA codes, out-performing

all but the short high-rate combinatorial code. The modified

L-type interleavers perform extremely well at all lengthsl an

rates considered; even for long codes of around 10,000 bits

in length the modifiedL-type interleavers perform almost

indistinguishably from randomly constructed interleaver



