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Abstract— This paper presents a construction of very high-rate Cycles of length less thafin the Tanner graph associated
low-density parity-check (LDPC) codes based on the incidence with an LDPC code can be systematically avoided by taking
matrices of unital designs. Like the projective geometry and ovia as parity-check matrices the incidence matrices of suitabl

designs, unital designs exist with incidence matrices which are . . . . .
significantly rank deficient. Thus high-rate LDPC codes with a chosen combinatorial designs called Steietesigns [6], [7],

large number of linearly dependent parity-check equations can be [8], [9]. A Steiner2-design, denoted 2»,b,7,+,1) or simply
constructed. The LDPC codes from unitals have Tanner graphs 2-(v,+, 1), is an arrangement of a set@pointsinto b subsets,

free of 4-cycles and perform well with iterative decoding, offering called blocks, such that the number of points in each block,
new LDPC codes at rates and lengths not available with existing 514 the number of blocks which contain each point, designate
algebraic LDPC codes. . .
~ andr respectively, are the same for every point and block
in the design and that every pair of points appears together i
l. INTRODUCTION exactly one block._ . . _
Besides the Steiné-designs with constant column weight,
Low-density parity-check (LDPC) codes were first prethe Steiner2-designs of interest benefit from rank deficient
sented by Gallager [1] in 1962 and have recently been facidence matrices and can be derived from projective ge-
discovered and extended [2], [3]. LDPC codes are obtaingghetries. These are the projective geometry (PG) designs
by specifying a sparse parity-check matfix so that the cal- themselves, which are @2 + m + 1,m + 1,1) designs,
culation of each checksum depends on few code word bits, 8Ré 2.(m(m — 1)/2,m/2,1) oval designs and unital designs
the evaluation of code bit validity depends on few checksumghich are 2¢m3 + 1,m + 1,1) designs. The majority logic
Using this property of LDPC codes Gallager presented @@codable codes constructed in [10], [11] which were ddrive
iterative decoding algorithm whose complexity remaingdin from projective geometries have recently been shown to also
in the block length with performance remarkably close to th@ake excellent LDPC codes in [7] and along with Euclidean
Shannon limit [1], [2], [4]. geometries (EG) in [8]. Motivated by the excellent perfor-
A Tanner graph displays the relationship between codewaithnce of these codes, oval designs were used to construct
bits and parity checks and provides a useful representafionnew LDPC codes in [12].
LDPC codes [3]. Each of the code bits and parity checks in|n this paper we construct the parity-check matrices of
H are represented by a vertex in the graph. A graph edgBPC codes using the incidence matrices of unital designs.
joins a code bit vertex to the vertices of the parity checks thThe family of parity-check matrices so obtained have unifor
include it. It is known that the iterative Sum-product delogd row and column Weights] and have Tanner graphs which are
algorithm [5] converges to the optimal solution providedtth free of4-cycles. The parameters of the family of unital designs
the Tanner graph of the code is free @fles. A cycle in a were presented in [13, Table II] where it was assumed that the
Tanner graph is a sequence of connected code bits and ch@sdfe rates would bé — v)/b if codes were constructed from
sums which start and end at the same vertex in the graph, @&l incidence matrices of unital designsog: m?+ 1 points.
which contain other vertices no more than once. The lengtfbwever, for oddn the corresponding incidence matrices are
of the cycle is simply the number of edges it contains.  sjgnificantly rank deficient for smaih and conjectured to be
The existence of short cycles in the Tanner graph prevests for largerm [14]. Consequently, LDPC codes from unital
an exact error-probability analysis of iterative decodimgce- designs with oddn benefit from both higher rates and the
dures, and the shorter are the cycles in the graph, the st@nerdecoding advantages attributed to a large number of lipearl
analysis breaks down. To date, randomly constructed LDRfependent rows in the parity-check matrix [8], [15]. Thus we
codes have largely relied on the sparsity of the parity-khegonsider in this paper the properties and performance of@.DP
matrix to avoid short cycles in the Tanner graph. codes derived from unital designs. Further, column spijtis

applied to the codes from unital designs to construct even
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in Section Ill. Section IV details the performance of unital 0 A F (A B

LDPC codes when decoded using the sum-product algorithm oo
and Section V concludes the paper. 1 ! } 1 1 ! 1.
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II. UNITAL DESIGNS .11 .11 ... .
Unital designs are constructed from projective geometries 1 } TR ! 11 !

and we present some background material on both projective
geometries and unitals in this Section. Further details ron p Fig. 1 The incidence matrix of the @, 3, 1) unital design from the unitary
A . . . . polarity on the plane P@, 22).
jective planes and their close connections with errorezing
codes can be found in [16], [17]. Our treatment of projective
geometries follows Anderson [17], while the material ortaini In the above, the five points identified as lying on the line
designs is essentially the presentation of Assmus and Kay [11«3] are, by definition, those pointse, y, z) which satisfy
[14]. the equationr + ay + 5z = 0.

Consider the seb' of triplesx = (z,y, z) of elements of  An unitary polarity in a projective plane of even order=
the finite field GFq), where(z,y, z) are not all zero.S has m? is a set of points of the plane with cardinality® + 1
¢> — 1 members, but we identify triples andy if x = Ay having the property that every line of the plane meets the set
for some non-zero element € GF(gq), and say that and in 1 or m + 1 points. For example, the hermitian unital in
y are equivalent. Denote the equivalence clasx dfy [x]. PG(2,m?) is the set of pointgz, y, z) satisfying [14]
Each equivalence class has- 1 members, corresponding to
the ¢ — 1 possible non-zero values of, and so there are fla,y,2) =
(*—1)/(q—1) = ¢* + ¢ + 1 different classe$x], which we For the plane P@, 22) presented above, the set of points

take as the points of R@, q).
Next define the blocks (otines) as follows: If o = 110,011, 1a0, 01, 150, 01, 101, 10, 103

(a0, a1, 02) is a triple of elements of Gfg), not all zero, form the unitary polarity described by? + y3 + 23 = 0. The
define the line[a] to be the set of all point§x] such that |ines

m—+1 4 ym+1 4 Zm+1 — 0

apx + aqy + asz = 0. By an argument similar to the one [116], [010], [131], [Bal], [Lad], [111],
for points, there are;? + ¢ + 1 blocks. To see that there
are ¢ + 1 points on each line, consider the life] where (001}, [a11], [100], [311], [11e], [1a ],

a = (ag,a1,az). Not all the a; are zero, so suppose forg|| contain3 of the points in the unitary polarity and all other
example thaty, 7 0. Then, if [x] is on [a], x; is uniquely |ines contain one of these points.
determined byz, and x5, wherex, andz; cannot both be A ynjtal design or unital has as points the point set of a uni-
zero. There arg” —1 choices ofro anda,, so there ar@®—1  tary polarity and for blocks those lines in the projectivans
vectorsz 7 0 satisfying agz + a1y + asz = 0, and hence nat meet the point set of the unitary polaritysin+ 1 points
there are(q® — 1)/(q — 1) = ¢ + 1 distinct points[x] on [a].  [16]. The points and blocks of the design retain the incigenc
As an example, we construct the finite projective plang the points and lines of the geometry. Thus a unital design
PG(2,2%). Here we use GR?), which can be thought of s 4 Qeiner 2-design with parameter-(m? + 1,m + 1,1).
as{0,1,o,a + 1}, wherea® = a + 1. Writing 3 in place That is, a unital design consists b= m?(m? + 1)/(m + 1)
of a + 1, so thata} = a(a+1) = o® +a = 1 and gypsets, called blocks, of a setwk= m? + 1 points with the
#? = (a+1)? = a® +1 = a, and omitting brackets and property that every point is containedsin= m? blocks, every

commas, thel points can be written as block containsy = m + 1 points and every pair of points is
001,010,011, 01a, 014, 100, 101, 10, 103, 110, 111, contained in exactly one block together. ,
A unital design can be described by & b incidence matrix
11, 1156, 1a0, 1al, laa, 1aB, 180,161, 18a, 150. N where each row inV represents a poinP; of the design
) and each column a block;:
Note that there areél points, and nott> — 1 = 63, since we .
identify points that differ only by a scalar multiple. Thier N = { L if P € Bj,
example,0la and0af define the same point singe, «, ) 0 otherwise.
= (0,1, ). The unitary polarity defined above on the plane (5
There are2l lines in PG2,2?%), a representative selectionproduces a 29,3,1) unital design with incidence matrix
being as follows: shown in Fig. 1.

The unitals described above affermitian unitals, which
[100] : 001 010 011 Ola 018, are the set of points and lines of a unitary polarity on a
(011] : 100 011 111 laa 188, desarguesian plane of orde? [16]. These unitals exist for all
m a prime power. However other unitad(m3 + 1,m + 1, 1)
[lap] : 018 10« 111 1aB 1p0. designs exist, forn not necessarily a prime power, which are



TABLE |

not defined on a desarguesian plane [16]. The codes presentedPARANIETERS OFTYPE-A CODES FROMUNITAL DESIGNS

in this paper are derived from Hermitian unitals constrdcte

(3, 64)-regular

10944, 10431, > 4]

1 m (v7b777p’ )‘) rankQ(H) nak7d]
using the method of [14]. 5 (0.12.8,4.1) 9 1,3,
3 | (28,63,4,9,1) 21 63,42, 6]
[1l. LDPC CODES FROM UNITAL DESIGNS 4 | (65,208,5,16,1) 65 208, 143, 6-10]
. . . _ 5 | (126,525,6,25,1) 105 525,420, 7-9]
We will con_struct LDPC codes from unital d_e5|gns in two| - (344,2107, 8,49, 1) 301 2107, 1806, 9-12]
ways. We define typet codes, also called unital codes, by| s (513,3648,9,64,1) 513 3648, 3135, > 10)
taking the incidence matrix of the unital design as the parit | 9 | (730,5913,10,81,1) | 657 5913, 5256, > 11]
check matrix of the code. A unital LDPC code will thus have
v parity checks and block length equal &0 All columns of TABLE I
H will have constant weighty and all rows constant weight =~ PARAMETERS OFTYPE-B CODES FROMUNITAL DESIGNS
r; the codes are thus said to be r)-regular. The density of m | s | H n, k, d|
the parity-check matrix of a unital code is 4 12| y=2and3,r=16 | [416,351,> 3]
5 | 2| (3,25)-regular 1050, 924, > 4]
m+1 7 12| y=3and5, r=49 | [4214, 3870, > 4]
m3+ 1 8 | 2| y=3and6, r =64 | [7296,6783,> 4]
8 | 3
9 |3

which decreases as the code length increases.

v =3and4, r =81

11826, 11096, > 4]

The unital designs have the property that every pair of goint

in the design occur together in exactly one block. Thus a pairthe Type-A unital codes provide a deterministic construc-

of points c.anno.t occur together in two bloc!<s and cycleszd Sltion, guaranteed girth, and regularity. The benefit of ardete
4 are avoided in the Tanner graph of unital codes. Howevgr,

| fsi | . des f Steinprdesi inistic construction is that the storage requirementessary
cycles of sizef always occur in codes from Steingidesigns to completely describe the code are reduced. If storage is a
[9], and there are exactly

significant issue it is possible to specify only the required

m+ 1\ m3(m? +1)(m —1) and the entire code can be constructed on-line with some ex-
No(m) = ( 2 ) 3 penditure in terms of computational complexity. Altermaty,
) ] ) ) where the hard-wiring of the codes Tanner graph is employed
6-cycles in a unital code from the unital design or’ + 1 [19] the exact regularity of the unital codes translatesaly

points. into regularity in the layout of an ASIC. Unital codes areghu

Since no pair of points can occur together in two blockgry promising LDPC codes for moderate to high signal-to-
the unital codes have an orthogonal check set and Massgy$se ratio channels.

minimum distance bound can be applied to 'ur.1ital codes. Unita Tpe large column weight of the unital codes motivates the
codes thus have a Iowe_r bound on the minimum distance Qf-ond type of codes from unital designs, type-B codes,whic
one plus the column weight and we have we construct using column splitting, a technique employed i
[8]. The large column weight of unital designs allows us to
split the non zero entries of one column into two or more
The parity-check matrices constructed from incidence imat(designated) lower weight columns. The resulting matrix will
ces of unitals are not necessarily fé#fank and so the number haves times as many columns as the original, the same number
of message bits in the code is= n — rank;(H). While an of rows, and most importantly will still be free of-cycles.
explicit formula for the2-ranks of the incidence matrices ofBy increasing the length of the code without increasing the
unital designs is not yet available, it is known that the @kra number of parity-check equations we can derive very high
can only be less tham? if 2|m + 1 [16, Theorem 8.3.1]. For rate LDPC codes without-cycles.
the unitals presented in Table | the 2-ranks of the incidenceFor example each column in the incidence matrix of the 2-
matrices have been calculated in [14] where it is conjedtur¢126, 525, 6,25, 1) unital design can be split into two weight
that the2-rank of those unitals wherglm + 1 is 3 columns to produce €3, 25)-regular[1050, 924, > 4] LDPC
code withoutd-cycles. Splitting columns in this way produces
sparser parity-check matrices and codes with still hightrs:
Table | shows the parameters of the unital designs obtainEde minimum distance of the type B codes is still lower
for values ofm = 2,...,9, m a prime power. Also shown bounded by (1) where is now defined as the weight of the
are the parameters of the associated linear block code. Hfeallest weight column in the parity-check matrix.
notation[n, k, d] specifies the length, dimension and minimum Table Il shows the codes we have obtained using this
distance of the code respectively. The range of possibrethod.
values for the minimum distance of the unital codes has been
shortened via exhaustive search using Magma [18]. We see tha IV. SIMULATION RESULTS
the small unital codes have minimum distances better than th The performance of unital LDPC codes on the additive
lower bound. white gaussian noise (AWGN) channel, when decoded us-

d>m+2. 1)

m(m? —m+1).
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Fig. 2. The decoding performance of length 63 LDPC codes on &tfg. 3. The decoding performance of unital and oval LDPC codes
AWGN channel using sum-product decoding with a maximum of 16n an AWGN channel using sum-product decoding with a maximum
iterations. of 10 iterations.

ing the sum-product decoding algorithm [4], [2], have beeBimilar manner to the oval, EG and PG codes, as the size of
compared to that of randomly generated codes of the sathe unital increases so too does the column weight of thalunit
rate and length and existing algebraic LDPC codes from owadde. This provides a good minimum distance for the code,
designs. In each simulation a maximum number of iteratioa$id hence excellent decoding performance at high sigral-to
has been set and the standard stopping criterion for LDRGise ratios, but also degrades the decoding performance at
codes,zH' = 0, is applied to terminate the decoding earlyow signal-to-noise ratios. The lengt25 unital code out-
if the hard decision on the bit probabilities, is a valid performs randomly constructed codes for bit error ratesfow
codeword. than 10~*, while the length2107 unital code out-performs
For the random LDPC codes we have used the constructi@mdomly constructed codes for bit error rates lower trgarf.
method from [4], [2] using source code from [20]. At the The column weight of the LDPC codes from unital designs
signal-to-noise ratios we consider the regular randomly- cocan be reduced, to improve their performance at low signal-
structed LDPC codes perform best with column weigf@nd  to-noise ratios, by employing column splitting. Such codes
so we have constructed random LDPC codes with this columg longer completely deterministic but they can still beutag
weight rather than constructing random codes with the colurand do retain the guaranteed girth. Using column splittiexy v
weight of the unital codes. Further, in an attempt to get thfgh rate LDPC codes can be achieved which is beneficial for
best random LDPC codes we have generated random LDRgplications such as magnetic recording channels. Figs. 4—
codes with as fewi-cycles as possible in the cases where tf& show the performance of type-B LDPC codes constructed
removal of4-cycles produces a better performing LDPC codesing column splitting. For these codes the column weights
However, there is a tradeoff between removing code cyclds agre keep small and high rate LDPC codes fred-of/cles are
obtaining code regularity as the process of removirycles constructed.

causes the row weight to be more variable. Fig. 4 shows the BER performance over an AWGN channel
Fig. 2 shows the performance of the uniféb, 42, 6] code of the [416,351,> 3] code from the unital or65 points
compared to a randomly generated LDPC code on the AWG¥mpared with a randomly generated LDPC code. The uni-
channel. The unital code is @,9)-regular code and the tal code is nearly regular with half the columns weight
randomly generated LDPC code (i3, 9)-regular. Also shown and the other half weigh?, with all rows weight16. The
is the performance of the equivalent length but slightlyhleig randomly generated LDPC code has column weights3 of
rate oval LDPC code which is algd, 9)-regular. Probably due and row weights betwee& and 63. Also shown is the BER
to its better minimum distance, the unital code outperfoittes performance over an AWGN channel of thi14, 3870, > 3]
oval code at very high signal-to-noise ratios. code from the unital 0844 points compared with a randomly
Fig. 3 shows the performance over an AWGN channel generated LDPC code. The unital code has half the columns
the unital [525,420, > 7] and [2107,1806, > 9] codes. The weight 2 and the other half weigh3 with each row weight
2-dimensional PG and EG LDPC codes with the closest rat@ while the randomly generated LDPC code has all columns
are length 4161 and 4095 respectively while the closest rateight 3 and row weights between 28 an&. The length
oval LDPC code is length 1023. The performance of thd214 unital code performs similarly to the slightly longert b
[1023,812,> 17] oval code is also shown in Fig. 3. In aequivalent ratg4599, 4227, > 9] type-Il EG-LDPC code [8]



V. CONCLUSIONS

In this paper low-density parity-check codes, based on
combinatorial structures known as unital designs, haven bee
presented. We have constructed high-rate LDPC codes with
Tanner graphs free af-cycles, and in some cases with a large
number of linearly dependent parity checks as well. Sinmuat

5100l 1 results with the sum-product decoding algorithm demotestra
3 that the codes from unital designs provide excellent dewpdi
. performances.
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