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Abstract— Analytically constructed LDPC codescomprise only a very
small subsetof possiblecodesand asa result LDPC codesare still, for the
most part, constructed randomly. This paper extendsthe classof LDPC
codesthat can be systematically generated by presentinga construction
method for regular LDPC codesbasedon combinatorial designsknown as
Kirkman triple systems.We construct (3, p)-codeswhoseTanner graph is
fr eeof 4-cyclesfor any value of p divisible by 3, and examinegirth and min-
imum distance properties of several classesf LDPC codesobtained from
combinatorial designs.

|. INTRODUCTION

Low-densityparity-check(LDPC) codeswerediscoveredby
Gallager[1] in 1962 and have recentlybeenrediscowered[2],
[3]. LDPC codesare designedby specifying a parity-check
matrix H sothattherelationshipbetweencodebits andparity-
checksumscanbe adjustedo optimizetheflow of information
in thedecodingprocess.n particulay H is choserto besparse
sothatthe calculationof eachchecksumdepend®n few code
word bits andthe evaluationof codebit validity on few check
sums.Usingthis propertyof LDPC codesGallagermpresentedt-
eratve decodingalgorithmswhosecompleity remaindinearin
theblocklength[1]. Recentlyit hasbeenshavn thattheencod-
ing compleity of LDPC codescanalsobe linearin the block
length[4]. Wheniteratively decodedusingbelief propagation,
alsoknown assum-productiecoding[5], LDPC codescanper
form remarkablycloseto the Shannoriimit [2], [6].

A Tannergraphdisplaysthe relationshipbetweencodevord
bits and parity checksandis a usefulway to describeLDPC
coded3]. Eachof then codebits,andm paritychecksn H are
representetdy avertex in thegraph.A graphedgejoins a code
bit vertex to the verticesof the parity checksthatincludeit. It
is known thattheiterative sum-productiecodingalgorithmcon-
vergesto theoptimalsolutionprovidedthatthe Tannergraphof
the codesatisfiesa structuralconstraint—namelythatit be free
of cycles[7]. A cyclein a Tannergraphis a sequencef con-
nectedcodebits andchecksumswhich startandendatthesame
vertex in thegraphandcontainno otherverticesmorethanonce.
The lengthof the cycle is simply the numberedgesit contains
andthe girth of a Tannergraphis the size of its smallestcycle.
The shorterthe cyclesin the graph,the soonerthe sum prod-
uct decodingalgorithmbreaksdown. To date,randomlycon-
structedLDPC codeshave largely relied on the sparsityof the
parity-checkmatrix to avoid shortcyclesin the Tannergraph.

A key ideain this paperis thatcyclesof length4 in the Tan-
ner graphassociatedvith an LDPC codecanbe systematically
avoidedby taking asparity-checkmatricestheincidencematri-
cesof suitably chosencombinatorialdesigns.Whenthe block
lengthsare small, good LDPC codesbecomemore difficult to
find usingrandomconstructiormethodg8]. Sofor smallblock
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lengthsin particular ananalyticconstructiormethodthatguar
antees

1. small,uniformrow andcolumnweights;and

2. theabsencef 4-cycles,

is expectedo be particularlyuseful.

In this paperwe presenta constructiorfor a family of regular
parity-checkmatriceshaving columnweight 3, andthat satisfy
bothitems1 and2. As our constructionis basedon combina-
torial designtheory we presenin Sectionll of this papersome
backgroundnaterialon designseforedescribingthe construc-
tionsandtheir minimumdistanceandgirth properties.

Il. LDPC CODES FROM COMBINATORIAL DESIGNS

A combinatorialdesignis an arrangemenof a setP of m
pointsinto n subsetsgalledblodks which satisfy certaincon-
ditions. In particulara regular designis onewith a constanty
elementsper block and p blocks containingeachelement. It
is balancedif thereis exactly A blocks containingeach pair
of elements. A regular balanceddesignis often denotedas a
(m,n, p,v, \)-designandhasthe propertythatm x p = n x +.

Every designcanbedescribedy anm x n incidencematrix
1 whereeachcolumnin I represents block B; of the design
andeachrow a point P;:

I = 1 ifPiEBj,
“J 71 0 otherwise.

Theincidencematrix of acombinatoriablesigncanbeusedas
theparity-checkmatrix of abinaryLDPC codeto give favorable
propertiesto the code. Choosinga designwith A = 0 or 1 in
particular guaranteethe absencef 4-cyclesin thecode.As is
the casefor randomconstruction®f parity-checkmatrices the
H constructedn thisway arenotnecessarilyull rankin which
casethe numberof messagéits in thecodeis n — rank(H).

One class of combinatorial designsthat have been pro-
posedfor generatingLDPC codesare Steinertriple systems
on m points, or (m,n, p, 3, 1)-designs[8], denotedsimply as
STYm). Thesedesignsxist for all m = 1,3 (mod6), arereg-
ularwith columnweight3, row weight(m — 1)/2, andarefree
of 4-cycles. However, the resultingcodes(STS-LDPCcodes)
have codevord lengthn = m(m — 1)/6, producinghigh rate
codes.

If therestrictionthat\ = 1 isrelaxedto allow A = 1 or 0 this
difficulty canbe avoided. A simplistic approachs to remove
somecolumnsof H. However, this resultsin a parity-check
matrixwith variablerow weights,in mary casesslow asl or 0,
which leadsto performanceenaltiesvheniteratively decoded.

Thekey ideapresentedh this paperis to useaclassof designs
called Kirkman triple systemqKTS) to derive regular LDPC
codes. Kirkman triple systemsare definedas the resolvable
Steinertriple systems.Thatis, the blocksof a Kirkman triple
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Available block lengthsand ratesof analytically constructed.DPC

system(with row weightp), canbearrangednto p groupssuch
thatthe n/r blocksof eachgrouparedisjoint, eachgroupcon-
tainsevery point preciselyonceandthustheweightof eachrow
in agroupis one. Consequentlyif all blocksin agrouparere-
moved from H whatremainsis a parity-checkmatrix H, with
row weightp — 1 containingw blocks. If we retainthe
blocksfrom just two groups,for example,theresultis a (3, 6)-
regularcodewithout 4-cycles.(As therewereno 4-cyclesin the
original H removing columnscannotaddary).

In generalwe cantake any KTS anduseoneor moreof its
groupsto make up our parity-checkmatrix. The resulting H
hasthe samenumberof parity-checksasthe original, still has
columnweight3 andno 4-cycles,but canhave ary desiredrow
weightp € {1,2,...,(m — 1)/2}. Thechoiceof p determines
thenumberof codebits n asthe codeis regular. Kirkmantriple
systemsxist for all m = 3 (mod6). Constructiormethodsor
m = 3¢ andm = 2q + 1, ¢ aprime power, aregivenin [9].

In additionto STSandKTS designave examine:

» Codesfrom binary EuclideangeometrieEG-LDPC),which
canbe describedas (¢> — 1,¢*> — 1,4, 4, {0, 1})-designs,and
codedrom binaryprojectvegeometrie§PG-LDPC) whichcan
bedescribeds(q?+q+1, ¢>+q+1,q+1,¢+1, {0, 1})-desigrs,
q ary prime,andhave beeninvestigatedn [5].
« A constructionfor LDPC codesusing Ramanujargraphsis
presentedh [10]. Theadwantageof this methodof construction
is that it produces(3, 6)-regular codes. However thesecodes
canonly be constructedor block lengthsn = 2(¢® — ¢) where
q is prime.

As canbe seenin Fig. 1, one advantageof using Kirkman
triple systemsto construct(3, p)-regular LDPC codesis the
wealthof coderatesandblock lengthsthatareavailable.

A. Girth

A simplelower boundon the block lengthof an LDPC code
avoiding cyclesof sizec canbe found by consideringhe asso-
ciatedTannergraph.Our line of reasonings similar to, though
extendsLemmal presentedh [10] lower boundingthegirth of
LDPC codesfor ary girth = 2 (mod4). Consideranarbitrary
bit vertex n; whichis connectedo  parity-checkvertices.Each
of thesds in turnconnectedo p— 1 bit verticesotherthann; . If
ary of thesey(p — 1) bit verticesarethe samea 4-cycle results.

1 NUSLO avOIU a-CyClestiercinusibeaticast
n>v(p—1)+1

codeword bits, sono two parity-checkon n; mustshareary.

Now considerthey(p — 1) hit verticesabove; eachis con-
nectedto a further~ — 1 parity-checkvertices. To avoid both
4- and6-cyclesthesey(p — 1)(y — 1) verticesandthe ~ other
parity-checkverticesalreadyconnectedo n; mustbe distinct.
Thusto avoid 6-cycles

m=v(p—-1)(y—1)+7.

Similarly we can startwith an arbitrary parity-checkvertex
p1, andthe reasoningcan be extendedto arny cycle sizec to
obtain the following relationshipbetweenthe block length n
neededo avoid a cycle size ¢, andthe parity-checkand code-
word bit degrees;y andp, respectiely: « = (v — 1)(p — 1).

no> 149(p— 1)+ +(p— Dat™t

¢ =0 (mod4) 1)
N> ptpatetpai,

¢ =2 (mod4), (2)

wherea = (y —1)(p — 1).
Theinequalitiesin (1)—(2),andin particulartherestrictionon
n to avoid 6-cycles,canbeusedto prove thefollowing.
Lemmal: The girth of ary STS-LDPC,EG-LDPC,or PG-
LDPC codeis 6.

Proof: In eachcase,we usethe appropriatedesignpa-
rametersaandsubstitutanto equationg1)—(2)for ¢ = 6 to shav
thattheinequalitycannot be metand6-cyclesmustexist. Fur-
ther, the existenceof cyclessmallerthan6 areexcludedby the
restrictionthat A = 0 or 1 andtheresultfollows. |

No suchboundscan be placedon the regular codesderived
from Kirkman triple systemsopr theregularcodesderivedfrom
Ramanujargraphs.Thesecodeshave constanrow andcolumn
weightasn increasesandsotheirdensitydecreaseallowing the
girth to goto infinity with n.

B. Minimumdistance

For regularLDPC codeswvhoseparity-checkmatrix is thein-
cidencematrix of a Steinertriple system,MacKay and Davey
[11, Theoreml] shaved that the minimum distanceis at most
10. While this upperboundon minimum distanceis so small
asto precludethe useof Steinertriple systemLDPCsfor all but
the shortestblock lengths,it is possibleto systematicallycon-
struct STS LDPCs having minimum distanceat least6 for all
m for which STSm) exist exceptfor m = 7 or 13, wherethe
minimumdistances 4.

To show thattheminimumdistancas atleast, we usetheex-
istenceof Steinertriple systemghatlack collectionsof 4 blocks
employing just 6 points. In the combinatorialdesignliterature
this is calleda Pasc configuation, or quadrilateral. Theterm
anti-Pasd is usedto describea Steinertriple systemghatlacks
a Paschconfiguration. For the casem = 3 (mod6), an anti-
PaschSTSm) haslong beenknown to exist andthe casein
whichm = 1 (mod6) hasrecentlybeensolved[12], [13]. We
thereforehave thefollowing result.



- Random LDPC(255,175)
+ EG-LDPC(255,175)
-6~ KTS-LDPC(261,175) \

Fig. 2. BERVs. E, /N for rate2/3 LDPC codesmaxiterations= 50

Lemma2: Forall m = 1,3 (mod6) exceptfor m = 7,13,
thereexist regular LDPC codesof lengthm(m — 1)/6, having
parity checkmatriceswith uniform columnweight 3, uniform
row weight(m — 1)/2 andminimumdistanceatleast6.

C. Simulationresultsusingiterative decoding

We employed belief propagationdecoding,also known as
sum-producidecoding,as presentedn [5]. A numberof ran-
domly generated DPC codeshave beenused,andwherepossi-
ble we have usedcodesalreadypublished14]. However, where
therearenoneavailablewe have usedthebestrandomconstruc-
tion we couldgenerataisingthe constructiormethodfrom [2].

Fig. 2 shaws the performanceof rate2/3 KTS, EG andran-
domly generated.DPC codes.The LDPC codegeneratedrom
Kirkman triple systemsis a (3, 9)-regular code, the EG code
is (16, 16)-regular, andthe randomlygenerated. DPC hasrow
weightsbetweery and12, andconstantolumnweight3. While
all threecodeshave similar block lengthsandratesthe EG code
hasfour timesasmary nonzeroentriesin its parity-checkma-
trix, resultingin a significantincreasein computationalcom-
plexity for the samenumberof decodingterations.

Fig. 3 shavs the performanceof KTS, STS and randomly
generated DPC codes.Thetwo lengthn = 247 codeshave the
samerate (0.84) anddensityof H anda maximumof 200 de-
codingiterationshave beenused,while the two smallerlength
codesarebothrated /2, have equaldensityparity-checkmatri-
cesanda maximumof 500 decodingiterationshave beenused.
Usingtherandomconstructiormethodwe wereunableto elim-
inate4-cyclesfrom thehighraten = 247 code.Thisis perhaps
theprimaryadvantageof ouranalyticallyconstructedodesover
randomconstructionsand the reasonwe attribute to their im-
provedperformance.

MacKay and Davey rejectedSteinertriple systemsasLDPC
codesdueto their poorminimumdistancepropertied8]. While
they do have poor minimum distanceur resultssuggesthat
theirgoodgirth propertiesor smalln compensatéor thiswhen
belief propagationdecodingis used. Even more promisingis
that the (3, p)-regular codesderived from Kirkman triple sys-
temsdo not have the minimum distanceconstraintof the STS
codesandhave the additionaladvantagethatthey improve upon
their goodgirth properties.
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Fig.3. BERVvs. E}, /Ny for KTS, STSandrandomLDPC codes

I1l. CONCLUSION

We have presentech constructionmethodfor LDPC codes
thatproducegparity-checkmatriceshaving constantolumnand
row weight and girth at least6. These(3, p)-regular codes
canbe constructedor any numberof parity-checksumsm =
3 (mod6), andfor all row weightsp € {1,2,...,(m — 1)/2}.
The constructionis particularlyusefulfor small block lengths,
and for high rate codeswhich random constructionmethods
have difficulty removing 4-cycles.
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