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Abstract— Analytically constructed LDPC codescomprise only a very
small subsetof possiblecodesand asa result LDPC codesare still, for the
most part, constructed randomly. This paper extendsthe classof LDPC
codesthat can be systematically generatedby presentinga construction
method for regular LDPC codesbasedon combinatorial designsknown as
Kirkman triple systems.We construct

���������
-codeswhoseTanner graph is

fr eeof 	 -cyclesfor any valueof
�

divisible by
�

, and examinegirth and min-
imum distanceproperties of several classesof LDPC codesobtained fr om
combinatorial designs.

I . INTRODUCTION

Low-densityparity-check(LDPC) codeswerediscoveredby
Gallager[1] in 1962andhave recentlybeenrediscovered[2],
[3]. LDPC codesare designedby specifying a parity-check
matrix 
 sothat therelationshipbetweencodebits andparity-
checksumscanbeadjustedto optimizetheflow of information
in thedecodingprocess.In particular, 
 is chosento besparse
so that thecalculationof eachchecksumdependson few code
word bits andthe evaluationof codebit validity on few check
sums.Usingthispropertyof LDPCcodesGallagerpresentedit-
erativedecodingalgorithmswhosecomplexity remainslinearin
theblock length[1]. Recentlyit hasbeenshown thattheencod-
ing complexity of LDPC codescanalsobe linear in the block
length[4]. Wheniteratively decodedusingbelief propagation,
alsoknown assum-productdecoding,[5], LDPCcodescanper-
form remarkablycloseto theShannonlimit [2], [6].

A Tannergraphdisplaysthe relationshipbetweencodeword
bits and parity checksand is a useful way to describeLDPC
codes[3]. Eachof the � codebits,and� paritychecksin 
 are
representedby a vertex in thegraph.A graphedgejoins a code
bit vertex to the verticesof the parity checksthat includeit. It
is known thattheiterativesum-productdecodingalgorithmcon-
vergesto theoptimalsolutionprovidedthattheTannergraphof
thecodesatisfiesa structuralconstraint—namely, thatit befree
of cycles[7]. A cycle in a Tannergraphis a sequenceof con-
nectedcodebitsandchecksumswhichstartandendat thesame
vertex in thegraphandcontainnootherverticesmorethanonce.
The lengthof the cycle is simply the numberedgesit contains
andthegirth of a Tannergraphis thesizeof its smallestcycle.
The shorterthe cycles in the graph,the soonerthe sumprod-
uct decodingalgorithmbreaksdown. To date,randomlycon-
structedLDPC codeshave largely relied on the sparsityof the
parity-checkmatrix to avoid shortcyclesin theTannergraph.

A key ideain this paperis thatcyclesof length 
 in theTan-
nergraphassociatedwith anLDPC codecanbesystematically
avoidedby takingasparity-checkmatricestheincidencematri-
cesof suitablychosencombinatorialdesigns.Whenthe block
lengthsaresmall, goodLDPC codesbecomemoredifficult to
find usingrandomconstructionmethods[8]. Sofor smallblock
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lengthsin particular, ananalyticconstructionmethodthatguar-
antees
1. small,uniformrow andcolumnweights;and
2. theabsenceof 
 -cycles,
is expectedto beparticularlyuseful.

In thispaperwepresentaconstructionfor a family of regular
parity-checkmatriceshaving columnweight � , andthatsatisfy
both items � and � . As our constructionis basedon combina-
torial designtheory, we presentin SectionII of this papersome
backgroundmaterialon designsbeforedescribingtheconstruc-
tionsandtheirminimumdistanceandgirth properties.

I I . LDPC CODES FROM COMBINATORIAL DESIGNS

A combinatorialdesignis an arrangementof a set � of �
points into � subsets,calledblocks, which satisfycertaincon-
ditions. In particulara regular designis onewith a constant�
elementsper block and � blocks containingeachelement. It
is balancedif there is exactly � blocks containingeachpair
of elements.A regular balanceddesignis often denotedasa� ������������������� -designandhasthepropertythat � �!�#"��$�%� .

Everydesigncanbedescribedby an �&�'� incidencematrix(
whereeachcolumnin

(
representsa block )+* of the design

andeachrow a point ,.- :
( -�/ * " � if , -10 ) * �2

otherwise.

Theincidencematrixof acombinatorialdesigncanbeusedas
theparity-checkmatrixof abinaryLDPCcodeto givefavorable
propertiesto the code. Choosinga designwith �3" 2 or � in
particular, guaranteestheabsenceof 
 -cyclesin thecode.As is
thecasefor randomconstructionsof parity-checkmatrices,the

 constructedin thiswayarenot necessarilyfull rankin which
casethenumberof messagebits in thecodeis �54 rank

� 
6� .
One class of combinatorial designs that have been pro-

posedfor generatingLDPC codesare Steiner triple systems
on � points, or

� �����������7�8�9��� -designs[8], denotedsimply as
STS
� �:� . Thesedesignsexist for all � ;<�=�7� � mod >?� , arereg-

ular with columnweight � , row weight
� �@4A����B�� , andarefree

of 
 -cycles. However, the resultingcodes(STS-LDPCcodes)
have codeword length �C"D� � �E4<����B�> , producinghigh rate
codes.

If therestrictionthat �F"G� is relaxedto allow �F"H� or
2

this
difficulty canbe avoided. A simplistic approachis to remove
somecolumnsof 
 . However, this resultsin a parity-check
matrixwith variablerow weights,in many casesaslow as � or

2
,

which leadsto performancepenaltieswheniteratively decoded.
Thekey ideapresentedin thispaperis to useaclassof designs

called Kirkman triple systems(KTS) to derive regular LDPC
codes. Kirkman triple systemsare definedas the resolvable
Steinertriple systems.That is, the blocksof a Kirkman triple
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Fig. 1. Available block lengthsand ratesof analytically constructedLDPC
codes

system(with row weight � ), canbearrangedinto � groupssuch
that the ��BJI blocksof eachgrouparedisjoint, eachgroupcon-
tainseverypointpreciselyonceandthustheweightof eachrow
in a groupis one. Consequently, if all blocksin a grouparere-
movedfrom 
 what remainsis a parity-checkmatrix 
LK with
row weight �54M� containing N�OQPSRUTWVO blocks. If we retain the
blocksfrom just two groups,for example,theresultis a

� �8�X>�� -
regularcodewithout 
 -cycles.(As therewereno 
 -cyclesin the
original 
 removing columnscannotaddany).

In general,we cantake any KTS anduseoneor moreof its
groupsto make up our parity-checkmatrix. The resulting 

hasthe samenumberof parity-checksasthe original, still has
columnweight � andno 
 -cycles,but canhaveany desiredrow
weight � 0:Y �=�7�8��Z[Z[ZJ� � �\4]����B��_^ . Thechoiceof � determines
thenumberof codebits � asthecodeis regular. Kirkman triple
systemsexist for all �`;a� � mod >?� . Constructionmethodsfor
�E":�8b and�&"��8bdcA� , b a primepower, aregivenin [9].

In additionto STSandKTS designswe examine:e Codesfrom binaryEuclideangeometries(EG-LDPC),which
canbe describedas

� bJfg4h�=��bJf'4M�i�[b=�[b=� Y 2 �9�i^j� -designs,and
codesfrom binaryprojectivegeometries(PG-LDPC),whichcan
bedescribedas

� bJfkclbjc%�=��bJfjc!b�c%�i�[b�c'�=�[bjc%�=� Y 2 �9�i^j� -designs,
b any prime,andhavebeeninvestigatedin [5].e A constructionfor LDPC codesusingRamanujangraphsis
presentedin [10]. Theadvantageof thismethodof construction
is that it produces

� �_�X>�� -regular codes. However thesecodes
canonly beconstructedfor block lengths�A":� � bJmn4Ab�� where
b is prime.

As can be seenin Fig. 1, oneadvantageof using Kirkman
triple systemsto construct

� �8���o� -regular LDPC codesis the
wealthof coderatesandblock lengthsthatareavailable.

A. Girth

A simplelower boundon theblock lengthof anLDPC code
avoiding cyclesof size p canbefoundby consideringtheasso-
ciatedTannergraph.Our line of reasoningis similar to, though
extends,Lemma1 presentedin [10] lowerboundingthegirth of
LDPC codesfor any girth ;h� � mod 
�� . Consideranarbitrary
bit vertex � R whichisconnectedto � parity-checkvertices.Each
of theseis in turnconnectedto �q4r� bit verticesotherthan� R . If
any of these� � �%4a��� bit verticesarethesamea 
 -cycle results.

Thusto avoid 
 -cyclestheremustbeat least

�ts$� � �g4]���.ca�
codewordbits,sono two parity-checkson � R mustshareany.

Now considerthe � � �#4h��� bit verticesabove; eachis con-
nectedto a further �64u� parity-checkvertices. To avoid both

 - and > -cyclesthese� � �v43��� � �w4H��� verticesandthe � other
parity-checkverticesalreadyconnectedto � R mustbe distinct.
Thusto avoid > -cycles

�Es�� � �g4x��� � �F4x���.c5�1Z
Similarly we canstartwith an arbitraryparity-checkvertexy R , and the reasoningcan be extendedto any cycle size p to

obtain the following relationshipbetweenthe block length �
neededto avoid a cycle size p , andthe parity-checkandcode-
word bit degrees,� and� , respectively: z6" � �F4x��� � �{4x��� .

� s �dc#� � �|4A���.c:}�}[}�c5� � �{4x����zl~� PSR �
pd; 2 � mod 
�� (1)

� s �|c5��z#c:}�}[}�c5��z��j� ~� �
pd;t� � mod 
���� (2)

where z6" � �F4x��� � �g4]��� .
Theinequalitiesin (1)–(2),andin particulartherestrictionon
� to avoid > -cycles,canbeusedto provethefollowing.

Lemma1: The girth of any STS-LDPC,EG-LDPC,or PG-
LDPC codeis > .

Proof: In eachcase,we usethe appropriatedesignpa-
rametersandsubstituteinto equations(1)–(2)for p�":> to show
that theinequalitycannot bemetand > -cyclesmustexist. Fur-
ther, theexistenceof cyclessmallerthan > areexcludedby the
restrictionthat �r" 2 or � andtheresultfollows.

No suchboundscanbe placedon the regular codesderived
from Kirkman triple systems,or theregularcodesderivedfrom
Ramanujangraphs.Thesecodeshave constantrow andcolumn
weightas� increasesandsotheirdensitydecreasesallowing the
girth to go to infinity with � .
B. Minimumdistance

For regularLDPC codeswhoseparity-checkmatrix is thein-
cidencematrix of a Steinertriple system,MacKay andDavey
[11, Theorem1] showed that the minimum distanceis at most
� 2 . While this upperboundon minimum distanceis so small
asto precludetheuseof Steinertriple systemLDPCsfor all but
the shortestblock lengths,it is possibleto systematicallycon-
structSTSLDPCshaving minimum distanceat least > for all
� for which STS

� �:� exist exceptfor ��"�� or �J� , wherethe
minimumdistanceis 
 .

Toshow thattheminimumdistanceisatleast> , weusetheex-
istenceof Steinertriple systemsthatlackcollectionsof 
 blocks
employing just > points. In the combinatorialdesignliterature
this is calleda Pasch configuration, or quadrilateral. Theterm
anti-Pasch is usedto describea Steinertriple systemsthatlacks
a Paschconfiguration. For the case��;�� � mod >?� , an anti-
PaschSTS

� �:� haslong beenknown to exist and the casein
which ��;C� � mod >?� hasrecentlybeensolved[12], [13]. We
thereforehave thefollowing result.
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Fig. 2. BER vs. �q�����d� for rate��� � LDPC codes,maxiterations= 50

Lemma2: For all ��;��i�X� � mod >?� exceptfor ��"��i�9�J� ,
thereexist regularLDPC codesof length � � ��43����B[> , having
parity checkmatriceswith uniform columnweight � , uniform
row weight

� ��4A����B[� andminimumdistanceat least> .

C. Simulationresultsusingiterativedecoding

We employed belief propagationdecoding,also known as
sum-productdecoding,aspresentedin [5]. A numberof ran-
domlygeneratedLDPCcodeshavebeenused,andwherepossi-
blewehaveusedcodesalreadypublished[14]. However, where
therearenoneavailablewehaveusedthebestrandomconstruc-
tion we couldgenerateusingtheconstructionmethodfrom [2].

Fig. 2 shows theperformanceof rate-�_B[� KTS, EG andran-
domly generatedLDPC codes.TheLDPC codegeneratedfrom
Kirkman triple systemsis a

� �8�7�?� -regular code, the EG code
is ( �J>_�9�J> )-regular, andthe randomlygeneratedLDPC hasrow
weightsbetween� and �J� , andconstantcolumnweight � . While
all threecodeshavesimilarblock lengthsandratestheEGcode
hasfour timesasmany nonzeroentriesin its parity-checkma-
trix, resultingin a significant increasein computationalcom-
plexity for thesamenumberof decodingiterations.

Fig. 3 shows the performanceof KTS, STS and randomly
generatedLDPCcodes.Thetwo length�:"t��
?� codeshavethe
samerate(0.84)anddensityof 
 anda maximumof 200 de-
codingiterationshave beenused,while the two smallerlength
codesarebothrate-�iB[� , have equaldensityparity-checkmatri-
cesanda maximumof 500decodingiterationshave beenused.
Usingtherandomconstructionmethodwewereunableto elim-
inate 
 -cyclesfrom thehigh rate�:":��
�� code.This is perhaps
theprimaryadvantageof ouranalyticallyconstructedcodesover
randomconstructionsand the reasonwe attribute to their im-
provedperformance.

MacKayandDavey rejectedSteinertriple systemsasLDPC
codesdueto their poorminimumdistanceproperties[8]. While
they do have poor minimum distancesour resultssuggestthat
theirgoodgirth propertiesfor small � compensatefor thiswhen
belief propagationdecodingis used. Even morepromisingis
that the

� �8���S� -regular codesderived from Kirkman triple sys-
temsdo not have theminimumdistanceconstraintsof theSTS
codesandhavetheadditionaladvantagethatthey improveupon
their goodgirth properties.
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I I I . CONCLUSION

We have presenteda constructionmethodfor LDPC codes
thatproducesparity-checkmatriceshaving constantcolumnand
row weight and girth at least > . These

� �_���S� -regular codes
canbe constructedfor any numberof parity-checksums��;
� � mod >?� , andfor all row weights� 0aY �=�7�8��Z[Z[ZJ� � �\43����B[�_^ .
The constructionis particularlyusefulfor small block lengths,
and for high rate codeswhich randomconstructionmethods
havedifficulty removing 
 -cycles.
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