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Abstract— Gallager intr oducedLDPC codesin 1962,presentinga con-
struction method to randomly allocatebits in a sparseparity-check matrix
subject to constraintson the row and column weights.Sincethen improve-
ments have beenmade to Gallager’s construction method and someana-
lytic constructionsfor LDPC codeshave recentlybeenpresented.However,
analytically constructedLDPC codescompriseonly a very small subsetof
possiblecodesand asa result LDPC codesare still, for the most part, con-
structed randomly. This paper extendsthe classof LDPC codesthat can
be systematicallygeneratedby presentinga construction method for regu-
lar LDPC codesbasedon combinatorial designsknown asKirkman triple
systems.We construct

���������
-regular codeswhoseTanner graph is fr eeof	

-cyclesfor any value of
�

divisible by
�

.

I . INTRODUCTION

Low-densityparity-check(LDPC) codeswerediscoveredby
Gallager[1] in 1962andhave recentlybeenrediscovered[2],
[3]. LDPC codesare designedby specifying a parity-check
matrix 
 sothat therelationshipbetweencodebits andparity-
checksumscanbeadjustedto optimizetheflow of information
in thedecodingprocess.In particular, 
 is chosento besparse
so that thecalculationof eachchecksumdependson few code
word bits andthe evaluationof codebit validity on few check
sums.Usingthispropertyof LDPCcodesGallagerpresentedit-
erativedecodingalgorithmswhosecomplexity remainslinearin
theblock length[4]. Recentlyit hasbeenshown thattheencod-
ing complexity of LDPC codescanalsobe linear in the block
length[5]. Wheniteratively decodedusingbelief propagation,
alsoknown assum-productdecoding,[6], [7], LDPC codescan
performremarkablycloseto theShannonlimit [2].

A Tannergraphdisplaysthe relationshipbetweencodeword
bits and parity checksand is a useful way to describeLDPC
codes[3]. Eachof the � codebits,and� paritychecksin 
 are
representedby a vertex in thegraph.A graphedgejoins a code
bit vertex to theverticesof theparity checksthat includeit. As
no parity checkis connectedto anotherby anedge,andno two
codebits areconnected,the graphis bipartite. The numberof
edgesconnectedto a codebit vertex is the degreeof that code
bit, which is simply the numberof parity checkequationsthat
includeit. Likewise, the degreeof a parity checkvertex is the
numberof bits in the parity checkequation. An LDPC code
is said to be regular if the degreesof all codebit verticesare
equalandthedegreesof all parity checkverticesareequal.For
aregularLDPCcode,theweight 
 of eachcolumnis thedegree
of eachparity checkvertex, while the weight � of eachrow is
the degreeof eachcodebit vertex. Sucha codeis said to be� 
������ -regular.

It is known thattheiterativesum-productdecodingalgorithm
convergesto theoptimalsolutionprovidedtheTannergraphof
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thecodesatisfiesa structuralconstraint—namely, thatit befree
of cycles[8], [9]. A cycle in a Tannergraphis a sequenceof
connectedcodebits andchecksumswhich startandendat the
samevertex in the graph,andwhich containotherverticesno
morethanonce. The lengthof the cycle is simply the number
edgesit containsandthegirth of aTannergraphis thesizeof its
smallestcycle.

The existenceof short cycles in the Tannergraphprevents
an exact error-probabilityanalysisof iterative decodingproce-
dures,and the shorterare the cycles in the graph, the sooner
theanalysisbreaksdown. To date,randomlyconstructedLDPC
codeshavelargelyreliedonthesparsityof theparity-checkma-
trix to avoid shortcyclesin theTannergraph.

A key ideain thispaperis thatthepresenceof cyclesof length�
in the Tannergraphassociatedwith an LDPC codecan be

systematicallyavoided by taking as parity-checkmatricesthe
incidencematricesof suitablychosencombinatorialdesigns.

Gallager’soriginalconstructionof LDPCcodesinvolvedran-
domassignmentsof onesto positionsin 
 subjectto the con-
straintsthat eachcolumn of 
 have a small uniform weight,
that the weight per row alsobe uniform, andthat thereareno�
-cyclesin theTannergraphof 
 . Variousimprovementshave

beenmadeto Gallager’s original constructionmethodto avoid
cyclesandobtainthedesiredcolumnandrow weights[2], [6],
[10]. Whenthe block lengthsaresmall, however, goodLDPC
codesbecomemore difficult to find using theserandomcon-
structionmethods[11]. Sofor smallblock lengthsin particular,
ananalyticconstructionmethodthatguarantees

1. small,uniformrow andcolumnweights;and
2. theabsenceof

�
-cyclesin theTannergraph

is expectedto beparticularlyuseful.
MacKay[6] foundthat iteratively decodedLDPC codesper-

form bestwith columnweight � andthat their performancede-
gradesasthecolumnweightis increased.Ourconstructionpro-
vides

� ������� -regularcodesfor any valueof � divisible by � . Se-
lecting

� ������� -regularLDPC codesin particularcanprovide an
advantagein termsof encodingcomplexity. RichardsonandUr-
banke [5] have recentlyshown that the actualnumberof oper-
ationsrequiredto encode

� ������� -regular codesis no morethan�� ��!�"$# � # .
In this paperwe presenta constructionfor a family of parity-

checkmatriceshaving columnweight � , and that satisfyboth
items

!
and % above. As our constructionis basedon combina-

torial designtheory, we presentin SectionII of this papersome
backgroundmaterialon designsbeforedescribingtheconstruc-
tions and someof their propertiesin SectionIII. SectionIV
detailsthe performanceof our LDPC codeswhendecodedus-
ing thesum-productalgorithm.SectionV concludesthebodyof



thepaper, andexplicit constructionsof Kirkman triple systems
arepresentedin theAppendix.

I I . COMBINATORIAL DESIGNS

A combinatorialdesignis an arrangementof a set & of �
points into � subsets,calledblocks, which satisfycertainregu-
larity conditions.A designis regular if thenumberof points 

in eachblock ' , andthenumberof blocks� whichcontaineach
point ( are the samefor every point andblock in the design.
The covalency )+*-, of points . and / is the numberof blocks
thatcontainthemboth.A designis balancedif ) *-, is aconstant
for all . and/ , thecovalency of thedesignis then ) . A regular
balanceddesignis oftendenotedasa

� �0���1���2��
��3)2� -design.
Everydesigncanbedescribedby an �546� incidencematrix7
whereeachcolumnin

7
representsa block '98 of the design

andeachrow a point (2: :
7 :<; 8>=

!
if ( :�? ' 8 ��
otherwise.

For a regulardesignthenumberof onesin
7

is

�@4A�B=C�D4A
  (1)

Theincidencematrixof acombinatorialdesigncanbeusedas
theparity-checkmatrixof abinaryLDPCcodeto givefavorable
propertiesto thecode.A

� �0���1���2��
��3)2� -designwill givean �E4
� parity-checkmatrix 
 having � parity-checkequations,�
codeword bits, row weight � andcolumnweight 
 . Choosinga
designwith )B= � or

!
guaranteestheabsenceof

�
-cyclesin the

code. As is the casefor randomconstructionsof parity-check
matrices,the 
 constructedin this way arenot necessarilyfull
rank in which casethe numberof messagebits in the codeis
�GF rank

� 
H� .
One class of combinatorial designs that have been pro-

posedfor generatingLDPC codesare Steiner triple systems
on � points,or

� �C���1��������� ! � -designs[11], denotedsimply as
STS

� �I� . Thesedesignsexist for all �KJ ! ��� � mod ��� , are
regularwith columnweight � , row weight

� �LF ! ��MN% , andare
free of

�
-cycles. The resultingcodes(STS-LDPCcodes)have

codeword length �O=P� � �LF ! ��M3� , producinghigh ratecodes
even for small codeword lengths. If the restrictionthat )Q= !
is relaxedto allow )H= ! or

�
this difficulty canbeavoided. A

simplisticapproachis to remove somecolumnsof 
 ; for each
pair of pointsin theomittedcolumnthecorresponding)R*-, will
be
�
. However, this resultsin a parity-checkmatrix with vari-

able row weights, in many casesas low as
!

or
�
, leadingto

performancepenaltieswheniteratively decoded.
The key ideapresentedin this paperis to usea classof de-

signs called Kirkman triple systems(KTS) to derive regular� �C���1������
S�-T ! � �VU � -designs.By definition,Kirkman triple sys-
temsare resolvableSteinertriple systems.That is, the blocks
of a Kirkman triple system,with row weight � , canbearranged
into � groupssuchthatthe�1MW� blocksof eachgrouparedisjoint,
eachgroup containsevery point preciselyonce,and thus the
weightof eachrow in agroupis one.Consequently, if all blocks
in a groupareremovedfrom 
 what remainsis a parity-check
matrix 
YX with row weight �ZF ! containing [�\^]�_a`cb\ blocks. If
we retaintheblocksfrom just two groups,for example,there-
sult is a

� ������� -regularcodewithout
�
-cycles.(As therewereno�

-cyclesin theoriginal 
 removing columnscannotaddany).

In general,we cantake any KTS anduseoneor moreof its
groupsto make up our parity-checkmatrix. The resulting 

hasthe samenumberof parity-checksasthe original, still has
columnweight � andno

�
-cycles,but canhaveany desiredrow

weight � ? T ! ��%��  3 3 � � �dF ! ��MN% U . Thechoiceof � determines
thenumberof codebits � in accordancewith equation(1). Kirk-
mantriple systemsexist for all �@Je� � mod ��� [12]. Construc-
tion methodsfor �f=g��h and �f=g%VhYi ! , h a prime power,
aregivenin [13], andfor easeof referencearepresentedin the
Appendix.

I I I . LDPC CODES FROM COMBINATORIAL DESIGNS

In this sectionwe apply combinatorialdesignsto construct
LDPC codes. For a given selectionof codeparametersthere
may exist multiple, non-isomorphic,designs.Two designsare
isomorphicif thereexists a one-to-onemappingbetweentheir
incidencematrices,that is, the incidencematrix of onecanbe
obtainedvia columnandrow permutationsof the other. There
are j � non-isomorphicSTS

� !$k ��� k � " ����� ! � -designs,andwhile
it is not known exactly how many non-isomorphicdesignsexist
for larger Steinertriple systems,the numberrapidly increases
with thesizeof 
 . For example,thereareat least% million non-
isomorphicSTSon

!Wl
points,andit is conjecturedthatthetrue

figure may be ashigh as
! % billion [14]. The vastmajority of

thenon-isomorphicSteinertriple systemsfor any givendesign
arefull rank[14]. Thuswhenconsideringa particularcodewe
have assumeda full rankdesignhasbeenchosenandtherefore
therateof thecodeis bm]�nb .

In additionto SteinerandKirkman triple systemswe exam-
ine:o Codesfrom binaryEuclideangeometries(EG-LDPC),which
canbe describedas

� h # F ! �Nh # F ! �3hp�3hp�-T � � !qU � -designs,and
codesfrom binaryprojectivegeometries(PG-LDPC),whichcan
bedescribedas

� h # irhsi ! �Nh # ith�i ! �3h�i ! �3hsi ! �-T � � !qU � -designs,
h any prime,andhavebeeninvestigatedin [7], [15], [16]. While
thesedesignsproducesquareparity-checkmatricesnot all rows
arelinearly independentandcoderatedependsonrank

� 
H� . An
importantfeatureof this constructionmethodis thatit produces
cyclic LDPC codesresultingin a simplifiedencodingprocess.o A constructionfor LDPC codesusingRamanujangraphsis
presentedin [17]. Theadvantageof thismethodof construction
is that it produces

� �V����� -regular codes. However thesecodes
canonly beconstructedfor block lengths�I=u% � h$vwFuh�� where
h is prime.

As can be seenin Fig. 1, oneadvantageof using Kirkman
triple systemsto construct

� ������� -regular LDPC codesis the
wealthof coderatesandblock lengthsthatareavailable.

A. Girth

A simplelower boundon theblock lengthof anLDPC code
avoiding cyclesof size x canbefoundby consideringtheasso-
ciatedTannergraph.Our line of reasoningis similar to, though
extends,Lemma1 presentedin [17] lowerboundingthegirth of
LDPC codesfor any girth Jy% � mod

� � . Consideranarbitrary
bit vertex � _ whichis connectedto 
 parity-checkvertices.Each
of theseis in turnconnectedto �zF ! bit verticesotherthan� _ . If
any of these
 � �6F ! � bit verticesarethesamea

�
-cycleresults.

(Saychecks{ _ and { # on � _ bothcontainbit � # thentheedges
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Fig. 1. Available block lengthsand ratesof analytically constructedLDPC
codes

from � _ to { _ to { # to � # andbackto � _ form acyclecontaining�
edges).Thusto avoid

�
-cyclestheremustbeat least

�}|0
 � �~F ! �2i !
codewordbits.

Now considerthe 
 � ��F ! � bit verticesabove; eachis con-
nectedto a further 
HF ! parity-checkvertices. To avoid both�
- and � -cyclesthese
 � �ZF ! � � 
�F ! � verticesandthe 
 other

parity-checkverticesalreadyconnectedto � _ mustbe distinct.
Thusto avoid � -cycles

��|C
 � �AF ! � � 
�F ! �2i�
  
Similarly, we canstartwith an arbitraryparity-checkvertex

{ _ , andfollow thereasoningabove to get thefollowing restric-
tions.To avoid

�
-cycles,

��|0� � 
�F ! �2i ! �
andto avoid � -cycles,

�C|}� � 
�F ! � � ��F ! �2i��  
This reasoningcan be extendedto any cycle size x to obtain
the following relationshipbetweenthe block length � needed
to avoid a cycle size x , andthe parity-checkandcodeword bit
degrees,
 and� , respectively:

� | ! iB
 � ��F ! �2iI�N�3��i�
 � ��F ! ���r�� ]�_ �
x�J � � mod

� � (2)

� | ��i����BiI�N�3��i������s� �� �
x�J}% � mod

� ��� (3)

where �H= � 
�F ! � � ��F ! � .
Theinequalitiesin (2)–(3),andin particulartherestrictionon

� to avoid � -cycles,canbeusedto provethefollowing.
Lemma1: The girth of any STS-LDPC,EG-LDPC,or PG-

LDPC codeis � .
Proof: In eachcase,weusetheappropriatedesignparam-

etersandsubstituteinto equations(2)–(3)for x�=C� .

Usingthepropertiesof STSdesigns,
}=I� , ��= � ��F ! ��M3% ,
and�I=�� � ��F ! ��M3� , we obtainaninequalityin � :

� � ��F ! �
� |D%

� ��F ! �
%

��F !
% F ! i ��F

!
%

or, equivalently, �@�e� . Sofor any �5�Q� , � -cyclesmustexist
in STS-LDPCcodes.Further, for ��=P� , theblocklengthis

!
,

which is not avalid code.
Usingthepropertiesof projectivegeometries,�B=C
0=�h�i ! ,

and�I=Qh # iIh�i ! wegetaninequalityin h :
h # i}h�i ! | � h�i ! ��h # i � h�i ! �

so that h�� � , which cannotbe met for any prime h , implying
theexistenceof � -cyclesin all PG-LDPCcodes.

Finally, using the propertiesof Euclideangeometries,��=

0=�h , and�I=�h # F ! we getaninequalityin h :

h # F ! |Ph � h�F ! � � h9F ! �2iIhp�
sothat

h � h # iG%���i ! �D��h # �
which cannotbemetfor any prime h , hence� -cyclesmustexist
in all EG-LDPCcodes.Further, theexistenceof cyclesshorter
than � areexcludedby the restrictionthat )e= � or

!
andthe

resultfollows.
No suchboundscanbe placedon the regular codesderived

from Kirkman triple systems,or theregularcodesderivedfrom
Ramanujangraphs.Thesecodeshave constantrow andcolumn
weight as � increasesandso their densitydecreases,allowing
thegirth to grow with � .

B. Minimumdistance

For regularLDPC codeswhoseparity-checkmatrix is thein-
cidencematrix of a Steinertriple system,MacKay andDavey
[18, Theorem1] showed that the minimum distanceis at most!$�

. While this upperboundon minimum distanceis so small
asto precludetheuseof Steinertriple systemLDPCsfor all but
the shortestblock lengths,it is possibleto systematicallycon-
structSTSLDPCshaving minimum distanceat least � for all
� for which STS

� �I� exist exceptfor ��= " or
! � , wherethe

minimumdistanceis
�
.

To seethis, recall that the minimum distanceof a code is
equalto theminimumnonzeronumberof columnsin theparity-
checkmatrix for which a nontrivial linearcombinationsumsto
zero[19, p. 84]. Thedefinitionof Steinertriple systemsensures
thatall columnsin theincidence(i.e. parity-check)matrix have
weight � , andthat no two columnssharemorethanonepoint.
Thereforeat least

�
columnsareneededto sumto zero.

To show that theminimumdistanceis at least� , we needto
establishtheexistenceof Steinertriple systemsthatlackcollec-
tionsof

�
blocksemploying just � points. In thecombinatorial

designliterature,collectionsof blocks in incidencestructures
are referredto asconfigurations. The particularconfiguration
consistingof just

�
blocksand � points,with eachblock con-

taining � points,andeachpoint incidentwith precisely% blocks
is calledaPasch configuration, or quadrilateral. Thetermanti-
Pasch is usedto describea Steinertriple systemsthat lacksa
Paschconfiguration.



It is well known thatSteinertriple systemsof order� exist if
andonly if ��J ! ��� � mod ��� , andit hadbeena long standing
conjecturethatanti-PaschSteinertriple systemsalsoexist for all
thesevaluesexceptfor ��= " or

! � , for which they areknown
notto exist. For thecase��JI� � mod ��� , ananti-PaschSTS

� �}�
is known to exist [20], [21]. Thecasein which �5J ! � mod ���
proved to be muchmoreproblematical,but after sometwenty
yearshasrecentlybeensolved[22], [23].

Wethereforehavethefollowing result,andreferthereaderto
thepapers[20], [24], [21], [25], [22], [23] for explicit construc-
tionsof theassociatedanti-PaschSteinertriple systems.

Lemma2: For all ��J ! ��� � mod ��� exceptfor ��= " � ! � ,
thereexist regularLDPC codesof length � � �LF ! ��M3� , having
parity checkmatriceswith uniform columnweight � , uniform
row weight

� ��F ! ��M3% andminimumdistanceat least� .
IV. SIMULATION RESULTS USING ITERATIVE DECODING

We employed belief propagationdecoding,also known as
sum-productdecoding,as presentedin [7]. This is similar
to Gallager’s original algorithm, with the differencethat log-
likelihoodmetricsareemployedin placeof probabilities,reduc-
ing the influenceof numericalproblemson the decodingpro-
cess.

In the simulationresultsthat follow, a numberof randomly
generatedLDPCcodeshavebeenused.Wherepossiblewehave
usedcodesalreadypublished[6], [26]. Wheretherearenone
availablewe have usedthe bestrandomconstructionwe could
generateusingthefollowing constructionmethod[2], [27]:o 
 onesareplacedin eachcolumnof 
 with anattemptmade
to makethenumberof onesin eachrow approximatelythesame;o extraonesarerandomlyaddedsothattheweightof eachrow
is greaterthatone;o if thecolumnweightsof 
 areall even,furtheronesareadded
to positionsselectedrandomlyfrom the entirematrix (as it is
undesirablefor the sumof the rows to be weight oneor less);
ando to remove

�
-cycles,onesaremovedrandomlywithin columns

involvedin thecycle.
Fig. 2 shows theperformanceof rate-

! M3% KTS andrandomly
generatedLDPC codes.For the codeword length ��� k���� we
havefoundarandomlyconstructed(nearlyregular)LDPCcode
which slightly outperformthe regular code constructedfrom
Kirkmantriple systems.Howeverfor asmallercodewordlength
�}� !W��� theKTS derivedsystemperformsbetter.

Fig. 3 shows the performanceof rate %�M3� KTS, EG andran-
domly generatedLDPC codes.TheLDPC codegeneratedfrom
Kirkman triple systemsis a

� ��� l � -regular code, the EG code
is (16,16)-regular, andtherandomlygeneratedLDPC codehas
row weightsbetween

"
and

! % , andconstantcolumnweight � .
While all threecodeshave similar block lengthsandratesthe
EG codehasfour timesasmany non zeroentriesin its parity-
checkmatrix,resultingin asignificantincreasein computational
complexity for thesamenumberof decodingiterations.

Fig. 4 showstheperformanceof highrateKTS, STSandran-
domly generatedLDPC codes.The two length ��=O% � " codes
have the samerateanddensityof 
 , while the two ��= � " j
codeshave the samerateanddensityof 
 . Using the random
constructionmethodwewereunableto eliminate

�
-cyclesfrom

1 1.5 2 2.5 3 3.5 4 4.5 5 5.5
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

E
b
/N

0

B
E

R

Random LDPC(504,252)
KTS−LDPC(510,256)   
Random LDPC(96,48)  
KTS−LDPC(114,57)    

Fig. 2. BER vs. ¡z¢¤£�¥�¦ for rate §<£©¨ LDPC codes,max.iterations= 500

1 1.5 2 2.5 3 3.5 4 4.5

10
−5

10
−4

10
−3

10
−2

10
−1

E
b
/N

0

B
E

R

Random LDPC(255,175)
EG−LDPC(255,175)    
KTS−LDPC(261,175)   

Fig. 3. BER vs. ¡ª¢¤£�¥ ¦ for ratëW£ � LDPCcodes,max.iterations= 50

thehigh rate �D=u% � " code.This is perhapstheprimaryadvan-
tageof ouranalyticallyconstructedcodesoverrandomconstruc-
tionsandthereasonweattributeto their improvedperformance.

MacKayandDavey rejectedSteinertriple systemsasLDPC
codesdue to their poor minimum distanceproperties[11].
While they dohavepoorminimumdistancesour resultssuggest
that their goodgirth propertiesfor small � compensatefor this
whenbelief propagationdecodingis used.Evenmorepromis-
ing is that the

� ������� -regularcodesderivedfrom Kirkman triple
systemsdo not have the minimum distanceconstraintsof the
STScodesandhave theadditionaladvantagethat they improve
upontheir goodgirth properties.

V. CONCLUSION

We have presenteda constructionmethodfor LDPC codes
that producesparity-checkmatriceswith constantcolumnand
row weight, and girth at least � . These

� ������� -regular codes
canbe constructedfor any numberof parity-checksums�fJ
� � mod ��� , andfor all row weights� ? T ! ��%��  3 3 � � �dF ! ��M3% U .
The constructionis particularlyusefulfor small block lengths,
andfor high ratecodesfor which randomconstructionmethods
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havedifficulty removing
�
-cycles.

APPENDIX

CONSTRUCTING K IRKMAN TRIPLE SYSTEMS [13]

Let hu=��q�®i ! be a prime power, � any integer, thena
Kirkman triple systemwith �I=C�Vh exists.

Construction: take ¯ , a primitive elementof GF
� h�� , so that

¯W° n = ! , ¯Wv n =PF ! , and ¯ # n i ! =Q¯ n . Thenusethreecopies
of eachelementof GF

� h�� to constructthesets

± = T � _ �
� # � � v

U
' :²8 = Tq¯ :8 �3¯ :�³ # n8 �3¯ :´³�µ n8 U � ! �0¶��C�C� ! �}·��I�¸ :²8 = Tq¯ :´³ n8 �3¯ :�³ v n8¹³ _ �3¯

:´³�º n8¹³ # U � ! �0¶��0�C� ! �C·��D� � mod ���» :²8K= Tq¯ :8 �3¯ :�³ # n8¹³ _ �3¯
:´³�µ n8¹³ # U � ! �0¶��C�C� ! �}·��I� � mod ���  

The sets
± �3' :¼8 � ¸ :¼8 , � ! �½¶��½�0� ! �½·P����� form one

resolutionclass,and the translatesof this classgive a further
�p� classes.Next, each

» :¼8 with its translatesgive a further
resolutionclass;soweobtainatotalof

l �}i ! resolutionclasses.
Let hu=��q�®i ! be a prime power, � any integer, thena

Kirkman triple systemwith �I=C%Vh9i ! exists.
Construction: Take ¯ , a primitive elementof GF

� h�� , so that
¯ ° n = !

, ¯ v n =¾F ! , andchoose¿ so that ¯ n i ! =½%V¯NÀ .
Then usetwo copiesof eachelementof GF

� h�� and, with an
extra elementÁ , constructthesets± = T � _ �

� # �NÁ U �
'�:Â= T�¯ :´³ À ³ n# �N¯ :´³ À ³ v n# �N¯ :�³ À ³�º n# U � � �0¶9�}��F ! �¸ : = T�¯ : _ �3¯

:�³ n_ �3¯ :�³ À# U � � �0¶9�}��F ! �» : = T�¯ :´³ # n ³ À# �3¯ :�³ # n_ �3¯ :´³ v n_
U � � �0¶9�}��F ! �Ã : = T�¯ :´³�µ n ³ À# �3¯ :�³�µ n_ �3¯ :´³�º n_
U � � �0¶9�}��F !p 

Thesets
± �3' : � ¸ : � » : � Ã : , � � �e¶>����F ! � form onereso-

lution class,andthetranslatesof this classgive a further h�F !
classes.
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