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Abstract— Gallager intr oduced LDPC codesin 1962, presentinga con-
struction method to randomly allocate bits in a sparseparity-check matrix
subjectto constraints on the row and column weights. Sincethen improve-
ments have beenmade to Gallager’s construction method and someana-
Iytic constructionsfor LDPC codeshave recentlybeenpresented.However,
analytically constructed LDPC codescomprise only a very small subsetof
possiblecodesand asa result LDPC codesare still, for the most part, con-
structed randomly. This paper extendsthe classof LDPC codesthat can
be systematicallygeneratedby presentinga construction method for regu-
lar LDPC codesbasedon combinatorial designsknown asKirkman triple
systems. We construct (3, p)-regular codeswhoseTanner graph is free of
4-cyclesfor any value of p divisible by 3.

|. INTRODUCTION

Low-densityparity-check(LDPC) codeswerediscoreredby
Gallager[1] in 1962 and have recentlybeenrediscaoered([2],
[3]. LDPC codesare designedby specifying a parity-check
matrix H sothattherelationshipbetweencodebits andparity-
checksumscanbe adjustedo optimizetheflow of information
in thedecodingprocessin particular H is choserto besparse
sothatthe calculationof eachchecksumdependsn few code
word bits andthe evaluationof codebit validity on few check
sums.Usingthis propertyof LDPC codesGallagemresentedt-
eratve decodingalgorithmswhosecompleity remaindinearin
theblocklength[4]. Recentlyit hasbeenshavn thattheencod-
ing compleity of LDPC codescanalsobe linearin the block
length[5]. Wheniteratively decodedusingbelief propagation,
alsoknown assum-productiecoding6], [7], LDPC codescan
performremarkablycloseto the Shannorimit [2].

A Tannergraphdisplaysthe relationshipbetweencodeavord
bits and parity checksandis a usefulway to describeLDPC
coded3]. Eachof then codebits,andm paritychecksn H are
representetdy avertex in thegraph.A graphedgejoins a code
bit vertex to the verticesof the parity checksthatincludeit. As
no parity checkis connectedo anothemy anedge,andno two
codebits are connectedthe graphis bipartite. The numberof
edgesconnectedo a codebit vertex is the degreeof thatcode
bit, which is simply the numberof parity checkequationghat
includeit. Likewise,the degreeof a parity checkvertex is the
numberof bits in the parity checkequation. An LDPC code
is saidto be regular if the degreesof all codebit verticesare
equalandthe degreesof all parity checkverticesareequal.For
aregularLDPC code theweight~y of eachcolumnis thedegree
of eachparity checkvertex, while the weight p of eachrow is
the degreeof eachcodebit vertex. Sucha codeis saidto be
(7, p)-regular

It is known thattheiterative sum-productiecodingalgorithm
convergesto the optimal solutionprovided the Tannergraphof
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the codesatisfiesa structuralconstraint—namelythatit be free
of cycles[8], [9]. A cycle in a Tannergraphis a sequencef
connectedcodebits andchecksumswhich startandendat the
samevertex in the graph,andwhich containotherverticesno
morethanonce. Thelengthof the cycle is simply the number
edgest containsandthegirth of aTannergraphis thesizeof its
smallestcycle.

The existenceof shortcyclesin the Tannergraphprevents
an exact error-probability analysisof iterative decodingproce-
dures,andthe shorterare the cyclesin the graph, the sooner
theanalysisbreaksdown. To date,randomlyconstructed. DPC
codeshave largelyreliedonthe sparsityof the parity-checkma-
trix to avoid shortcyclesin the Tannergraph.

A key ideain this paperis thatthe presenc®f cyclesof length
4 in the Tannergraphassociatedvith an LDPC codecan be
systematicallyavoided by taking as parity-checkmatricesthe
incidencematricesof suitablychosercombinatoriadesigns.

Gallagersoriginal constructiorof LDPC codesnvolvedran-
dom assignmentsf onesto positionsin H subjectto the con-
straintsthat eachcolumn of H have a small uniform weight,
that the weight per row alsobe uniform, andthatthereareno
4-cyclesin the Tannergraphof H. Variousimprovementshave
beenmadeto Gallagers original constructionrmethodto avoid
cyclesandobtainthe desiredcolumnandrow weights[2], [6],
[10]. Whenthe block lengthsare small, however, good LDPC
codesbecomemore difficult to find using theserandomcon-
structionmethodq11]. Sofor smallblocklengthsin particulay
ananalyticconstructiormethodthatguarantees

1. small,uniform row andcolumnweights;and
2. theabsencef 4-cyclesin the Tannergraph
is expectedo be particularlyuseful.

MacKay[6] foundthatiteratively decoded_.DPC codesper
form bestwith columnweight3 andthattheir performancele-
gradesasthecolumnweightis increasedOur constructiorpro-
vides(3, p)-regularcodesfor ary valueof p divisible by 3. Se-
lecting (3, 6)-regular LDPC codesin particularcanprovide an
adwantagean termsof encodingcomplexity. RichardsorandUr-
banle [5] have recentlyshavn that the actualnumberof oper
ationsrequiredto encode(3, 6)-regular codesis no morethan
0.017%n2.

In this paperwe presenta constructiorfor afamily of parity-
checkmatriceshaving columnweight 3, and that satisfy both
items1 and2 above. As our constructions basedon combina-
torial designtheory we presenin Sectionll of this papersome
backgroundnaterialon designsbeforedescribingthe construc-
tions and someof their propertiesin Sectionlll. SectionlV
detailsthe performanceof our LDPC codeswhendecodedus-
ing thesum-producalgorithm.SectionV concludeshebodyof
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arepresentedn the Appendix.

Il. COMBINATORIAL DESIGNS

A combinatorialdesignis an arrangemenbf a setP of m
pointsinto n subsetscalledblocks, which satisfycertainregu-
larity conditions.A designis regular if the numberof pointsy
in eachblock B, andthenumberof blocksp which containeach
point P arethe samefor every point andblock in the design.
The covaleny )., of pointsz andy is the numberof blocks
thatcontainthemboth. A designis balancedf )., is aconstant
for all 2 andy, the covaleng of the designis then . A regular
balancediesignis oftendenotedasa (m, n, p, v, A)-design.

Every designcanbedescribedby anm x n incidencematrix
1 whereeachcolumnin I represents block B; of the design
andeachrow a point P;:

I{ 1 ifPiEBj,
“7 71 0 otherwise.

For aregulardesignthe numberof onesin I is
1)

Theincidencematrix of acombinatoriadesigncanbeusedas
the parity-checkmatrix of abinaryLDPC codeto give favorable
propertiedo thecode.A (m,n, p, v, A)-designwill giveanm x
n parity-checkmatrix H having m parity-checkequations,n
codewvord bits, row weight p andcolumnweight~. Choosinga
designwith A = 0 or 1 guaranteetheabsencef 4-cyclesin the
code. As is the casefor randomconstructionf parity-check
matricesthe H constructedn this way arenot necessarilyull
rank in which casethe numberof messagéits in the codeis
n —rank(H).

One class of combinatorial designsthat have been pro-
posedfor generatingLDPC codesare Steinertriple systems
onm paints,or (m, n, p, 3, 1)-designg11], denotedsimply as
STYm). Thesedesignsexist for all m = 1,3 (mod6), are
regularwith columnweight 3, row weight (e — 1)/2, andare
free of 4-cycles. Theresultingcodes(STS-LDPCcodes)have
codevord lengthn = m(m — 1)/6, producinghigh ratecodes
evenfor small codavord lengths. If therestrictionthat A = 1
is relaxedto allow A\ = 1 or 0 this difficulty canbe avoided. A
simplistic approactis to remove somecolumnsof H; for each
pair of pointsin the omittedcolumnthe corresponding,, will
be 0. However, this resultsin a parity-checkmatrix with vari-
ablerow weights,in mary casesaslow as1 or 0, leadingto
performanceenaltiesvheniteratively decoded.

The key ideapresentedn this paperis to usea classof de-
signs called Kirkman triple systemgKTS) to derive regular
(m,n, p,7,{1,0})-designs.By definition, Kirkman triple sys-
temsareresolvableSteinertriple systems.Thatis, the blocks
of aKirkman triple systemwith row weight p, canbearranged
into p groupssuchthatthen/p blocksof eachgrouparedisjoint,
eachgroup containsevery point preciselyonce, and thus the
weightof eachrow in agroupis one.Consequentlyif all blocks
in agroupareremovedfrom H whatremainsis a parity-check
matrix Hy with row weightp — 1 containing@ blocks. If
we retainthe blocksfrom just two groups,for example,there-
sultis a (3, 6)-regularcodewithout 4-cycles. (As therewereno
4-cyclesin theoriginal H removing columnscannotaddary).

mxXp=mnx-.

I gerieral,we caltake aly \ 1o anauseoneor moreorl Iits
groupsto make up our parity-checkmatrix. The resulting H
hasthe samenumberof parity-checksasthe original, still has
columnweight3 andno 4-cycles,but canhave ary desiredrow
weightp € {1,2,...,(m — 1)/2}. Thechoiceof p determines
thenumberof codebitsn in accordancaith equation(1). Kirk-
mantriple systemsexist for all m = 3 (mod6) [12]. Construc-
tion methodsfor m = 3¢ andm = 2¢g + 1, ¢ a prime power,
aregivenin [13], andfor easeof referencearepresentedn the
Appendix.

I1l. LDPC CODES FROM COMBINATORIAL DESIGNS

In this sectionwe apply combinatorialdesignsto construct
LDPC codes. For a given selectionof code parameterghere
may exist multiple, non-isomorphicdesigns. Two designsare
isomorphicif thereexists a one-to-onemappingbetweentheir
incidencematrices,thatis, the incidencematrix of onecanbe
obtainedvia columnandrow permutationf the other There
are80 non-isomorphicSTS (15, 35, 7, 3, 1)-designsandwhile
it is not known exactly how mary non-isomorphiaesignsexist
for larger Steinertriple systemsthe numberrapidly increases
with thesizeof H. For example thereareatleast2 million non-
isomorphicSTSon 19 points,andit is conjecturedhatthetrue
figure may be ashigh as 12 billion [14]. The vastmajority of
the non-isomorphicSteinertriple systemsor ary givendesign
arefull rank[14]. Thuswhenconsideringa particularcodewe
have assumed full rank designhasbeenchosenandtherefore
therateof the codeis ™.

In additionto SteinerandKirkman triple systemsve exam-
ine:

» Codesfrom binary EuclideangeometrieEG-LDPC),which
canbe describedas (¢*> — 1,¢*> — 1,4, 4, {0, 1})-designs,and
codedrom binaryprojectvegeometrie§PG-LDPC)whichcan
bedescribeds(¢?+q+1, ¢*+q+1, q+1,¢+1, {0, 1})-desiqs,
q ary prime,andhave beeninvestigatedn [7], [15], [16]. While
thesedesigngroducesquargparity-checkmatricesnotall rows
arelinearlyindependenandcoderatedepend®nrank( H). An
importantfeatureof this constructiormethodis thatit produces
cyclic LDPC codesresultingin a simplifiedencodingprocess.
« A constructionfor LDPC codesusing Ramanujargraphsis
presentedn [17]. The advantageof this methodof construction
is that it produces(3, 6)-regular codes. However thesecodes
canonly be constructedor block lengthsn = 2(¢® — ¢) where
q is prime.

As canbe seenin Fig. 1, one advantageof using Kirkman
triple systemsto construct(3, p)-regular LDPC codesis the
wealthof coderatesandblock lengthsthatareavailable.

A. Girth

A simplelower boundon the block lengthof an LDPC code
avoiding cyclesof sizec canbefound by consideringhe asso-
ciatedTannergraph.Our line of reasonings similar to, though
extendsLemmal presentedh [17] lower boundingthegirth of
LDPC codesfor ary girth = 2 (mod4). Consideranarbitrary
bit vertex n; whichis connectedo ~ parity-checkvertices.Each
of thesds in turnconnectedo p — 1 bit verticesotherthann; . If
ary of thesey(p — 1) bit verticesarethe samea 4-cycleresults.
(Saychecksp; andp, onn; bothcontainbit n, thentheedges
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fromny to p; to p2 to ny andbackto n; form acycle containing
4 edges).Thusto avoid 4-cyclestheremustbeatleast

n>v(p—-1)+1

codeword bits.

Now considerthe v(p — 1) bit verticesabove; eachis con-
nectedto a further~ — 1 parity-checkvertices. To avoid both
4- and6-cyclesthesey(p — 1)(y — 1) verticesandthe v other
parity-checkverticesalreadyconnectedo n; mustbe distinct.
Thusto avoid 6-cycles

m2>y(p—1)(y—1)+.

Similarly, we canstartwith an arbitrary parity-checkvertex
p1, andfollow thereasoningabore to getthe following restric-
tions. To avoid 4-cycles,

mZP(“/_l)"‘l
andto avoid 6-cycles,
nzp(y—1)(p—1)+p.

This reasoningcan be extendedto ary cycle size ¢ to obtain
the following relationshipbetweenthe block lengthn needed
to avoid a cycle size ¢, andthe parity-checkand codevord bit

degrees;y andp, respectiely:

o2 14+9(p—1)+-+y(p—Dai™t

¢ =0 (mod4) 2)
n > p_|_pa_|_..._|_pa7T2C’

¢ =2 (mod4), (3)

wherea = (y — 1)(p — 1).
Theinequalitiesn (2)—(3),andin particulartherestrictionon
n to avoid 6-cycles,canbeusedto prove the following.
Lemmal: The girth of ary STS-LDPC,EG-LDPC,or PG-
LDPC codeis 6.
Proof: In eachcasewe usetheappropriatalesignparam-
etersandsubstitutanto equationg2)—(3)for ¢ = 6.

Using the pProperticil o1 oUeslgnsy = o, p=\m — 1)/ 4,
andn = m(m — 1)/6, we obtainaninequalityin !

m(m —1) >2(
6 - 2

m—1)[m—1 L™= 1
R A
or, equivalently m < 3. Sofor any m > 3, 6-cyclesmustexist
in STS-LDPCcodes.Further for m = 3, theblocklengthis 1,
whichis notavalid code.
Usingthepropertieof projectve geometriesp = v = ¢+ 1,
andn = ¢ + ¢ + 1 we getaninequalityin ¢:

CHq+1>(q+D@F +(g+1)

sothatq < 0, which cannotbe metfor ary prime ¢, implying
the existenceof 6-cyclesin all PG-LDPCcodes.

Finally, usingthe propertiesof Euclideangeometriesy =
v = ¢, andn = ¢® — 1 we getaninequalityin ¢:

> —1>qlg—1)(¢—1)+q,

sothat
q(® +2) +1 < 3¢%,

which cannotbe metfor ary prime ¢, hence6-cyclesmustexist
in all EG-LDPCcodes.Further the existenceof cyclesshorter
than6 areexcludedby the restrictionthat A = 0 or 1 andthe
resultfollows. [ |

No suchboundscanbe placedon the regular codesderived
from Kirkman triple systemsopr theregularcodesderivedfrom
Ramanujargraphs.Thesecodeshave constanrow andcolumn
weightasn increasesandso their densitydecreasesallowing
thegirth to grow with n.

B. Minimumdistance

For regularLDPC codeswhoseparity-checkmatrixis thein-
cidencematrix of a Steinertriple system,MacKay and Davey
[18, Theoreml] shaved that the minimum distanceis at most
10. While this upperboundon minimum distanceis so small
asto precludethe useof Steinertriple systemLDPCsfor all but
the shortestblock lengths,it is possibleto systematicallycon-
struct STS LDPCs having minimum distanceat least6 for all
m for which STSm) exist exceptfor m = 7 or 13, wherethe
minimumdistances 4.

To seethis, recall that the minimum distanceof a codeis
equalto theminimumnonzeranumberof columnsin theparity-
checkmatrix for which anontrivial linear combinationsumsto
zero[19, p. 84]. Thedefinitionof Steinertriple systemsnsures
thatall columnsin theincidence(i.e. parity-check)matrix have
weight 3, andthatno two columnssharemorethanone point.
Thereforeatleast4 columnsareneededo sumto zero.

To show thatthe minimum distances at least6, we needto
establisithe existenceof Steinertriple systemghatlack collec-
tions of 4 blocksemploying just 6 points. In the combinatorial
designliterature, collectionsof blocksin incidencestructures
arereferredto as configuations The particularconfiguration
consistingof just 4 blocksand6 points,with eachblock con-
taining3 points,andeachpointincidentwith precisely2 blocks
is calleda Past configuation, or quadrilateral. Thetermanti-
Pasd is usedto describea Steinertriple systemsthat lacksa
Paschconfiguration.
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andonly if m = 1,3 (mod6), andit hadbeenalong standing
conjecturghatanti-PaschSteinetrtriple systemslsoexist for all
thesevaluesexceptfor m = 7 or 13, for which they areknown
notto exist. Forthecasem = 3 (mod6), ananti-RaschSTYm)
is knawn to exist [20], [21]. Thecasein whichm =1 (mod6)
provedto be muchmore problematical but after sometwenty
yearshasrecentlybeensolved[22], [23].

We thereforehave thefollowing result,andreferthereaderto
thepaperq20], [24], [21], [25], [22], [23] for explicit construc-
tionsof the associatednti-PaschSteinertriple systems.

Lemma2: Forallm = 1,3 (mod6) exceptfor m = 7,13,
thereexist regular LDPC codesof lengthm(m — 1)/6, having
parity checkmatriceswith uniform columnweight 3, uniform
row weight(m — 1)/2 andminimumdistanceatleast6.

IV. SIMULATION RESULTS USING ITERATIVE DECODING

We employed belief propagationdecoding,also known as
sum-productdecoding, as presentedn [7]. This is similar
to Gallagers original algorithm, with the differencethat log-
likelihoodmetricsareemployedin placeof probabilities reduc-
ing the influenceof numericalproblemson the decodingpro-
cess.

In the simulationresultsthat follow, a numberof randomly
generated DPC codeshave beenused.Wherepossibleve have
usedcodesalreadypublished[6], [26]. Wherethereare none
availablewe have usedthe bestrandomconstructiorwe could
generataisingthefollowing constructiormethod[2], [27]:

» v onesareplacedin eachcolumnof H with anattemptmade
to makethenumberf onesin eachrow approximatelythesame;
« extraonesarerandomlyaddedsothatthe weightof eachrow
is greaterthatone;

« if thecolumnweightsof H areall even,furtheronesareadded
to positionsselectedrandomlyfrom the entire matrix (asit is
undesirabldor the sumof the rows to be weight oneor less);
and

» toremove4-cycles,onesaremovedrandomlywithin columns
involvedin thecycle.

Fig. 2 shavs the performanceof rated /2 KTS andrandomly
generated DPC codes. For the codavord lengthn ~ 500 we
have foundarandomlyconstructednearlyregular) LDPC code
which slightly outperformthe regular code constructedfrom
Kirkmantriple systemsHoweverfor asmallercodevordlength
n = 100 theKTS derivedsystemperformsbetter

Fig. 3 shaws the performanceof rate2/3 KTS, EG andran-
domly generated. DPC codes.The LDPC codegeneratedrom
Kirkman triple systemsis a (3, 9)-regular code, the EG code
is (16,16)-reyular, andthe randomlygenerated DPC codehas
row weightsbetweenr and12, andconstanttolumnweight 3.
While all threecodeshave similar block lengthsand ratesthe
EG codehasfour timesasmary nonzeroentriesin its parity-
checkmatrix, resultingin asignificantincreasén computational
compleity for thesamenumberof decodingterations.

Fig. 4 shavsthe performancef highrateKTS, STSandran-
domly generated. DPC codes.Thetwo lengthn = 247 codes
have the samerate and densityof H, while thetwo n = 378
codeshave the samerate anddensityof H. Usingthe random
constructiormethodwe wereunableto eliminate4-cyclesfrom
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Fig.3. BERVvs. E}, /Ny for rate2/3 LDPC codesmax.iterations= 50

thehighraten = 247 code.Thisis perhapghe primaryadvan-
tageof ouranalyticallyconstructe@odesoverrandomconstruc-
tionsandthereasonwve attributeto theirimprovedperformance.

MacKay andDavey rejectedSteinertriple systemsasLDPC
codesdue to their poor minimum distance properties[11].
While they do have poorminimumdistance®ur resultssuggest
thattheir goodgirth propertiesfor smalln compensatéor this
whenbelief propagatiordecodingis used. Even more promis-
ing is thatthe (3, p)-regularcodesderived from Kirkman triple
systemsdo not have the minimum distanceconstraintsof the
STScodesandhave the additionaladvantagehatthey improve
upontheirgoodgirth properties.

V. CONCLUSION

We have presenteda constructionmethodfor LDPC codes
that producesparity-checkmatriceswith constantcolumnand
row weight, and girth at least6. These(3, p)-regular codes
canbe constructedor any numberof parity-checksumsm =
3 (mod6), andfor all row weightsp € {1,2,...,(m — 1)/2}.
The constructionis particularlyusefulfor small block lengths,
andfor high ratecodesfor which randomconstructiormethods
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Fig.4. BERVs. E}, /Ny for rate0.84 LDPC codesmax.iterations= 200
(11]
have difficulty removing 4-cycles. [12]
APPENDIX (13]
CONSTRUCTING KIRKMAN TRIPLE SYSTEMS [13] [14]
Let ¢ = 6m + 1 be a prime power, m ary integer, thena [15]
Kirkman triple systemwith n = 3¢ exists.
Construction take ¢, a primitive elementof GF(¢), so that [16]
65 =1,0°" = —1,andf?™ + 1 = §™. Thenusethreecopies
of eachelemeniof GF(q) to constructhe sets 1
A = {01502703} ) 18
By = {00,002 0y 1<i<m1<j<3 [18]
Ciy = {0, 073",0715"), 1<i<m,1<j<3(mod3)
o= {0,000}, 1<i<m,1<j<3(mod3).

ThesetsA, B;;,Cij, (1 < i < m,1 < j < 3) form one
resolutionclass,andthe translateof this classgive a further
6m classes. Next, eachD;; with its translatesgive a further

resolutionclass;soweobtainatotal of 9m-+1 resolutionclasses.

Let ¢ = 6m + 1 be a prime power, m ary integer, thena
Kirkman triple systemwith n = 2¢ + 1 exists.

Construction Take 6, a primitive elementof GF(q), sothat
g™ = 1, 9 = —1, andchooseu sothatd™ + 1 = 20
Then usetwo copiesof eachelementof GF(¢q) and, with an
extraelemento, constructhesets

A = {017 027 OO},

Bi _ {eé+u+m7 9;+u+3m7 9%+u+5m}7 0 S i S m— 17
C; = {6,007 05, 0<i<m-—1,
D; = {@gr2mtu gitam gitsmy 0<i<m-—1,
E; {giramtu gitdm gitsmy 0<i<m-—1.

ThesetsA, B;,C;, D;, E;, (0 < i < m — 1) form onereso-
lution class,andthetranslatef this classgive a furtherq — 1
classes.
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